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Abstract

We prove a basis theorem, branching rule, and excellent �ltration for a

quantized version of the Schur modules associated to row-convex shapes.

Our primary technique, a quantum straightening law, specializes when

q = 1 to a new straightening algorithm for row-convex Schur modules.

1 Introduction

This paper provides quantized versions of some results in what has been called
\the calculus of shapes." As is well known, \partition shapes" such as
which are the Ferrer's diagram of a partition index, in characteristic 0, the irre-
ducible representations of the general linear Lie algebra, the general linear group,
and the symmetric group. A construction of these representations was given by
Akin, Buchsbaum, and Weyman in [ABW82] that replaced the partition shapes
with a generalized shape{any �nite subset of the cells of an in�nite matrix.
These generalized shapes have been given signi�cant recent attention, most no-
tably in the work of Reiner and Shimozono [RS95, RS96p, RS97, RS98, S97],
Magyar [M98], and Magyar and Lakshmibai [LM97].

One of the original motivations for the constructions in [ABW82] was Buchs-
baum's program for the study of characteristic{free (projective) resolutions of
the irreducible representations of GLm; for some recent results in this pro-
gram, see [B98, BR00]. The methods developed for this program in [AB85]
required the use of shapes that were no longer skew. These shapes were studied
in [W94] and generalizations to row-convex shapes, shapes with no gaps in their
rows,were considered in [K96, K98]. A canonical basis for these row-convex rep-
resentations was introduced in [T97a, T], together with the �rst \straightening"
algorithm for expanding elements of the representation in terms of this basis;
this algorithm generalized the known straightening law for skew and partition
shapes.

�http://www.math.wayne.edu/~bdt/quantStraight.pdf
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By comparison, the study of quantized Schur modules has mostly been re-
stricted to the classical shapes. Analogues for most of the classical results on
straightening were established by Taft and Towber in [TfTo91] and Huang and
Zhang in [HZ94]. A good exposition, focusing on these modules as represen-
tations of the quantized universal enveloping algebra of glm can be found in
Leclerc and Thibon's paper [LeTh96]. This last paper makes the combinato-
rial interest of quantized straightening laws apparent; the authors derive the
Robinson-Schensted-Knuth bijection as the \crystal limit" of the straightening
law at q = 0.

In this paper, we generalize a portion of the theory of general shapes to
representations of quantum glm. We focus on quantum versions of the results
developed in [T].

The construction of [ABW82] builds representations as submodules of the
algebra of polynomial functions on the entries of a matrix. Thus, in Section 2, we
review the algebra of quantized polynomial functions on the entries of a quantum
matrix as well as the notion of a quantum determinant. We recapitulate some of
the identities satis�ed by quantum determinants and identify some immediate,
but useful, variations.

With this as background, in Section 3, we present a quantized version of the
Schur-modules constructed in [ABW82].

In Section 4, we prove a quantized straightening for quantized row-convex
Schur modules. The basis into which this straightening law expands elements
of the quantized Schur module is indexed by the same combinatorial objects,
\straight tableau," introduced in [T] for ordinary Schur modules corresponding
to row-convex shapes. Specializing this straightening law to the classical case
(by setting q = 1) provides a signi�cantly simpler approach to the straightening
procedure of [T]. The drawback to this approach is that it fails to handle the
Weyl modules and supersymmetric Schur modules discussed in [T].

Section 5 introduces the \
agging" results necessary for applying the straight-
ening law and basis theorem of Section 4 to representations of Uq(bn), the quan-
tized enveloping algebra of the Borel subalgebra of lower triangular matrices.

Finally, Section 6 proves a branching rule for restricting representations of
Uq(glm), the quantized enveloping algebra of glm, to representations of the
subalgebra Uq(glm�1). Like all of the results in this paper, the branching rule is
characteristic-free and is presented via an appropriate �ltration. Further, this is
an \excellent �ltration" in the sense that, upon 
agging, it provides a branching
rule for restricting from Uq(bm) to Uq(bm�1).

2 Quantum matrices and quantum determinants

Throughout this paper Q will be the rationals, Z the integers and k a commu-
tative ring containing a distinguished invertible element q. Typically we take
k = Z[q; q�1].

We begin by recalling some facts about quantum groups and quantized al-
gebras, following [Ka, LeTh96, Ma88, Ma91].
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De�nition 2.1 Let R be a k-algebra. An R-matrix A = (ai;j) is called a
quantum matrix if the ai;j satisfy the relations

ai;kai;l = q�1ai;lai;k; ai;kaj;k = q�1aj;kai;k; ai;laj;k = aj;kai;l;

ai;kaj;l � aj;lai;k = (q�1 � q)aj;kai;l;

for i < j and k < l. Such a quantum matrix is generic when the subalgebra of
R generated by the ai;j satis�es no additional relations. When the matrix ti;j

is generic, call this subalgebra Matkq (ti;j). We abbreviate Mat
Z[q;q�1]
q (ti;j) by

Matq(ti;j).

As pointed out in [Ma88], the above relations are imposed in order to make
linear change of variables an algebra homomorphism of the q-deformed exterior
(or symmetric) algebra. Speci�cally, de�ne �q(�1; : : : ; �n), the q-deformation of
the exterior algebra, to be the quotient of the free associative k-algebra gen-
erated by the �i's by the relations �2i = 0 and �q�1�i�j = �j�i for i < j.
When q + q�1 is not a zero divisor in R, a direct calculation shows that if
M = (ai;j) is an n � n R-matrix with entries in an associative algebra and
those entries commute with the �i then the two maps �M (�i) =

P
j ai;j�j and

�Mt(�i) =
P

j aj;i�j both induce algebra homomorphisms i� M is a quantum
matrix.

De�nition 2.2 A monomial
Q

k tik;jk is ordered if the sequence jk weakly in-
creases and if ik � ik+1 whenever jk = jk+1.

The relations in De�nition 2.1 guarantee that the ordered monomials span the
algebra Matkq (ti;j). In fact they are linearly independent. This fact can be
checked directly, albeit laboriously, by application of the \diamond lemma,"
Theorem 1.2 of [Be78]. For a proof when k is a �eld, see for example [Ma91].
This proof works with minimal modi�cation for arbitrary k.

Proposition 2.3 The algebra Matkq (ti;j) is a free k-module with the ordered
monomials as a basis.

Since the statements of independence in the combinatorics literature often
assume k = Q(q) with q transcendental over Q, we sketch how to see the above
independence result for arbitrary k directly from independence when k = Q(q).

Independence inMat
Q(q)
q (ti;j) shows independence in the Z[q; q

�1]-subalgebra

of Mat
Q(q)
q (ti;j) generated by the ti;j . This subalgebra is obviously a quotient

of Mat
Z[q;q�1]
q (ti;j) (in fact they're isomorphic) hence the ordered monomials

are independent in Mat
Z[q;q�1]
q (ti;j). Since the coe�cients of the non-ordered

monomials appearing in the relations of De�nition 2.1 are units in Z[q; q�1],
independence of ordered monomials follows for all Matkq (ti;j).

We will next recall the quantum determinants and several identities involving
them; see [TfTo91, HZ94, LeTh96].
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De�nition 2.4 Let X be a quantum matrix. The q-determinant, detq(X), of
the minor of X indexed by rows i1; : : : ; ik and columns j1 < � � � < jk is

Tabq(i1; : : : ; ikjj1; : : : ; jk) :=
X
�2Sk

(�q)�l(�)ti1;j�(1) � � � tik;j�(k) ;

where the length of �, l(�), is the number of inversions in �1; : : : ; �k .

Proposition 2.5 Suppose that j1 < � � � < jk, then Tabq(i1; : : : ; ikjj1; : : : ; jk) =
0 whenever the i1; : : : ik are not distinct. If they are distinct, then

Tabq(i�(1); : : : ; i�(k)jj1; : : : ; jk) = (�q)�l(�)Tabq(i1; : : : ; ikjj1; : : : ; jk):

We require some notation for indexing products of determinants.

De�nition 2.6 Denote the quantum determinant Tabq(i1; : : : ; ikjj1; : : : ; jk) by
[i1; : : : ; ikjj1; : : : ; jk]q. If u1; : : : ; uk, �1 < � � � < �k, v1; : : : ; vk0 , and �1 < � � � <
�k0 are sequences of indices, then let�
u1; : : : ; uk
v1; : : : ; vk0

�1; : : : ; �k0

�1; : : : ; �k0

�
q

:= [u1; : : : ; ukj�1; : : : ; �k0 ]q�[v1; : : : ; vk0 j�1; : : : ; �k0 ]q :

We generalize this notation in the obvious fashion to arrays (bitableaux) with
m > 2 rows indexing products of m quantum determinants.

The following proposition follows directly from the exchange lemma (Lemma 10
of [HZ94]) or from suitable manipulation of the quantum Laplace expansion
found in [TfTo91].

Proposition 2.7 De�ne t = k + j + i � s. If j exceeds the cardinality of
f�1; : : : ; �s; �1; : : : ; �tg, then

X
�2Sj

(�q)�l(v�(1) ;:::;v�(j))
�

u1 � � �uiv�(1) � � � v�(s�i) �1 � � ��s
v�(s�i+1) � � � v�(j)w1 � � �wk �1 � � � �t

�
q

= 0

where the sum ranges over � such that �(1) < � � � < �(s�i), �(s�i+1) < � � � <
�(j), and where u1 < � � � < ui, w1 < � � � < wk, �1 < � � � < �s, �1 < � � � < �t and
the entries v1; � � � ; vj are distinct.

We record the following generalization of the row commutation relation
from [TfTo91].

Proposition 2.8 Suppose that fl1; : : : ; ljg � f�1; : : : ; �tg � fi1; : : : ; irg that
s = j � r, that k = t � r and that each sequence, v; w; i; �, strictly increases.
The exchange lemma of [HZ94] implies

X
�2Sj

(�q)�l(�)
�

v�(1) � � � � � � � � � � � � v�(s) l1 � � � î1 � � � îr � � � lj
v�(s+1) � � � v�(j)w1 � � �wk �1 � � � � � � � � � � � � �t

�
q

= (�q)�l(�)
�

v1 � � � � � � vj l1 � � � î1 � � � îr � � � lj i1 � � � ir
w1 � � �wk �1 � � � î1 � � � îr � � � �t

�
q

= (�q)�l(�)�l(�)
�

v1 � � � � � � vj l1 � � � � � � � � � � � � � � � � � � � � � lj
w1 � � �wk �1 � � � î1 � � � îr � � � �t

�
q
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where �(1) < � � � < �(s), �(s+1) < � � � < �(j), � = l1 � � � î1 � � � îr � � � lji1 � ir and

� = i1 � � � ir�1 � � � î1 � � � îr � � � �t.

In this paper, we shall require the special case in which �1; : : : ; �t = l1; : : : ; lj =
c0; c0 +1; : : : ; c3 and i1; : : : ; ir = c0; c0 +1; : : : ; c1 � 1; c2 +1; : : : ; c3 � 1; c3 with
c0 � c1 � c2 � c3:

X
�2Sj

(�q)�l(�)
�

v�(1) � � � � � � � � � v�(s) c1 � � � c2
v�(s+1) � � � v�(j)w1 � � �wk c0 � � � � � � � � � � � � c3

�
q

= (�q)�l(�)�l(�)
�

v1 � � � � � � vj c0 � � � � � � � � � c3
w1 � � �wk c1 � � � c2

�
q

where �(c0) < � � � < �(s), �(s + 1) < � � � < �(c3), � = c1; : : : ; c2; c0; : : : ; c1 �
1; c2+1; : : : ; c3 and � = c0; c0+1; : : : ; c1�1; c2+1; : : : ; c3�1; c3; c1; : : : ; c2 and
a1; : : : ; âi; : : : ; ah denotes the sequence a1; : : : ; ai�1; ai+1; : : : ; ah.

A similar computation derives the following.

Proposition 2.9 Given c0 < c1 � c2 � c3 where s = c3 � c0 +1, c2 � c1 +1 =
j � s+ i, we have

X
�2Sj

(�q)�l(�)
�

u1 : : : ui v�1 : : : v�s�i
c0 : : : : : : : : : c3

v�s�i+1 : : : v�j c1 : : : c2

�
q

=

= (�q)N
�

u1 : : : ui c1 : : : c2
v1 : : : : : : vj c0 : : : : : : : : : c3

�
q

where N = �l(c1; : : : ; c2; 1; : : : ; s) � l(c0; : : : ; c1 � 1; c2 + 1; : : : ; c3; c1; : : : ; c2),
�1 < � � � < �s�i and �s�i+1 < � � � < �j .

The two preceding identities are minor variations on results of [TfTo91].

3 Quantum Schur modules

We de�ne a quantized version of the Schur modules associated to a generalized
shape in [ABW82]. The de�nition parallels the construction of ordinary Schur
modules as the span of certain products of determinants.

De�nition 3.1 A shape is a subset of cells in a matrix. A tableau of shape D
on an index set L is a labelling of each cell in D by an element of L.

We often draw a shape D by placing a box in the matrix cells which comprise
D and write a tableau by writing the labels inside the matrix cells they label.

De�nition 3.2 If D is the single-rowed shape

Column #: j1 j2 � � � jk
� � �



Row-convex representations for quantum gln. June 7, 2000 6

with cells in columns j1 < � � � < jk and T is a tableaux

i1 i2 � � � ik

of shape D then de�ne [T ]q to be Tabq(i1; : : : ; ikjj1; : : : ; jk).
In general suppose D is a shape with k rows and br;1 < � � � < br;lr are the

column indices of the cells appearing in the rth row of D. If T is a tableau of
shape D and ai;j is the contents of cell (i; j) in D, then de�ne

[T ]q =

kY
i=1

Tabq(ar;br;1 ; : : : ; ar;br;lr jbr;1; : : : ; br;lr) :

De�nition 3.3 Let L � Z+ be an index set. De�ne SDq (L), the quantized or
q-Schur module of shape D, to be the Z[q; q�1]-span of [T ]q where T runs over
all tableaux T of shape D, �lled with elements of L.

We �rst de�ne a version of the diagonal term order from [Stu93] suitable for
use with quantum determinants. See [T97a] for a treatment of noncommutative
sagbi bases that puts this term order in a broader context.

De�nition 3.4 Let �diag be the partial order de�ned on ordered monomials
in Matq(ti;j) by

Q
l til;jl�diag

Q
l ti0l;j

0
l
when j = j0 and i < i0 in lexicographic

order.
For p 2 Matq(ti;j), de�ne the initial monomial, init�diag

(p), of p to be the
smallest monomial (under �diag) appearing in the expansion of p into the basis
of ordered monomials. Likewise de�ne the leading term, LT�diag

(p), of p to be
init�diag

(p) multiplied by its coe�cient in the expansion.

De�nition 3.5 De�ne a biword b1;:::;bl
a1;:::;bl

to be sorted when its upper sequence
weakly increases and the lower sequence has a descent wherever the upper se-

quence has an equality. De�ne sort
�
b1;:::;bl
a1;:::;bl

�
to be the unique sorted biword

obtainable by permuting the columns of b1;:::;bl
a1;:::;bl

.
When T is a tableau de�ne cT , the column word of T , to be the entries of T

read column by column from left to right and from bottom to top within each
column. De�ne the column biword cT to be the biword whose bottom word is
cT and whose top word is cDer�(T ), where Der

�(T ) is the tableau having the
same shape as T and whose ith column is �lled entirely with i's.

De�ne the modi�ed column biword wT to be sort(cT ) and de�ne the modi�ed

column word wT of T to be the bottom word of wT .

De�nition 3.6 To any biword j1;:::;jl
i1;:::;il

, we associate a monomial 	
�
j1;:::;jl
i1;:::;il

�
=

ti1;j1 � � � til;jl .

The map 	 is a bijection from sorted biwords to ordered monomials. Further,
if M;M 0 are ordered monomials then M <M 0 i� the lower word of 	�1(M) is
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lexicographically smaller than the lower word of 	�1(M) and their upper words
are equal.

The initial monomial of a tableau T with strictly increasing rows (a row-

standard tableau) can be read from wT .

Proposition 3.7 If T is a row-standard tableau, then 	�1(init ([T ]q)) = wT .

Before the proof we collect some useful lemmas.

Lemma 3.8 The initial term of the q-determinant of any minor indexed by
rows i1 < � � � < ik and columns j1 < � � � < jk is

Qk
c=1 tic;jc .

Lemma 3.9 Suppose p; p0 are inMatq(ti;j)i=1:::m; j=1:::n and suppose all mono-
mials in p; p0 are comparable under �diag. If init (p) =

Q
j=1:::n

Q
i=m:::1 t

ai;j
i;j and

init (p0) =
Q

j;i t
bi;j
i;j then init (pp0) =

Q
j;i t

ai;j+bi;j
i;j . Further, LT (pp0) is equal

(up to mutliplication by a unit) to
Q

j;i t
ai;j+bi;j
i;j .

Proof. We �rst prove the lemma when p; p0 are ordered monomials, by the
following observation: The biwords corresponding to the ordered monomials
which appear in the expansion pp0 are all produced from sort(W ), whereW is the
biword produced by concatenating 	�1(p) and 	�1(p0), by successively creating
inversions in the lower word sort(W ). (Each inversion created corresponds to
an application of the commutation rule for ti;k and tj;l for i < j and k < l.)
Since the parts of the commutation rules that leave sort(W ) unchanged only
change the monomial being reduced by multiplying by a unit, the leading term

result also follows.
For general p; p0 it su�ces to observe that if a

v ,
b
w ,

b
w0 are sorted biwords with

w < w0 then the bottom word of sort( a;bv;w ) is smaller than the bottom word of

sort( a;b
v;w0 ).

The preceding lemma has the following corollary.

Lemma 3.10 We have init
�
	
�
j

i

�
	
�
j0

i0

��
= sort

�
���j��� ; ���j0���

���i��� ; ���i0���

�
.

Proof.(of Proposition 3.7) Lemma 3.8 proves the result for one-rowed tableaux.
Applying the one-rowed case to each quantum minor in the product [T ]q and
combining the initial monomials using Lemma 3.10 proves the general version.

De�nition 3.11 When T is row-standard, de�ne Tab�q (T ) to be the unique

scalar multiple of [T ]q such that init ([T ]q) = LT
�
Tab�q (T

�
).

Proposition 3.12 If T is row-standard of shape D, and letting

l(t) = #f(i; j); (i0; j0) 2 D �D j i > i0; j < j0; Ti;j = Ti0;j0g

� #f(i; c); (i; c0) 2 D �D j i > i0; Ti0;c > Ti;cg

then Tab�q (T ) = ql(t)[T ]q.
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4 Straight bases for quantum Schur modules

We recall the de�nition of a straight tableau (for a Schur module) from [T].
A shape D is said to be row-convex if for all i < j < k the cell (r; j) is

in D whenever (r; i); (r; k) 2 D. A row-convex shape is sorted (equivalently
northeast) if when row r1 ends in column c1 and row r2 in column c2, we have
r1 < r2 implies c1 � c2. Let T be a tableau of sorted, row-convex shape D
and let Tr;c be the entry in cell (r; c) of T . We de�ne T to be straight when
its rows strictly increase (i.e. T is row-standard) and when for r1 < r2 we have
Tr1;c > Tr2;c implies (r1; c� 1) 2 D and Tr1;c�1 > Tr2;c.

A pair of cells f(r1; c); (r2; c)g with r1 < r2 and Tr1;c > Tr2;c is an inversion in
T . An inversion f(r1; c); (r2; c)g is 
ippable when it fails to satisfy the preceding
condition, (r1; c� 1) 2 D and Tr1;c�1 > Tr2;c.

Proposition 4.1 Let D be a sorted, row-convex shape, and let n be the column
index of the rightmost cell(s) inD. The elements [T ]q ofMatq(ti;j)i=1;:::;m; j=1:::;n

indexed by all straight tableaux T of shape D �lled with letters f1; : : : ;mg are
linearly independent.

The proposition remains true if Matq(ti;j) is replaced by Matkq (ti;j).

Proof. As shown in [T], if T; T 0 are distinct straight tableaux of shape D, then
wT 6= wT 0 . Thus by Proposition 3.7 the initial terms of the [T ]q corresponding
to straight tableaux are distinct, hence they are linearly independent.

By Proposition 2.3 linear independence also holds over k.

The straightening law of [T] relied on being able to straighten a pair of rows
at a time. We de�ne an analogous straightening relation.

Lemma 4.2 Let m1;m2 and c1 � c2 � �2 � �1 be column indices with

min(m1;m2) � c1. Further suppose thatm1 � m2 orm2 = c1. Let T = um1 : : : u�1
vm2 : : : v�2

be a tableau of sorted, row-convex, two-rowed shape given, when m1 � m2, by

T =
v0m1

: : : : : : v0c1�1 uc1 : : : uc2�1 v000c2 : : : : : : : : : v000�1

wm2 : : : wc1�1 v00c1 : : : v00c2 wc2+1 : : : v�2
:

Let m = min(m1;m2). If m1 � m2, then

[T ]q =
X
�2Sd

(�q)�n�+ne [T�]q

where � is nontrivial, �1 < � � � < �c1�m, �c1�m+1 < � � � < �c2�m+1, �c2�m+1 <
� � � < ��1�m, and

T� =
v�1 : : : : : : v�a�1 uc1 : : : uc2�1 v�b+1

: : : : : : : : : v�d

w0m2
: : : w0c1�1 v�a : : : v�b w00c2+1 : : : w00�2
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with a = c1 �m+ 1, b = c2 �m+ 1, and d = �1 �m+ 2 and where

n� = l(v0�; u)� l(u; v0�) + l(w0; v00�)� l(v00� ; w
0) + l(v0� ; v

000
� ; v

00
�)

with v = v0; v00; v000; v0� = v�1 ; : : : ; v�a�1 ; v00� = v�a ; : : : ; ; v�b ; and v000� =
v�b+1

; : : : ; v�d .
If m1 > m2 = c1, we maintain the notation used whenm1 � m2, only letting

v0m1
; : : : ; v0c1�1, wm2 ; : : : ; wc1�1 and uc1 ; : : : ; um1�1 be empty sequences. Thus u

reduces to um1 ; : : : ; uc2�1. We have

[T ]q =
X
�

(�q)�n�+ne [T�]q

where n� specializes to n� � l(v000� ; v
00
�).

Proof. We apply Proposition 2.5 to q-commute the letters into the format
required by Lemma 2.7 and check that the size of v is larger than the number
of columns in D.

Informally, we describe the relation in the preceding lemma as a q-symmetrization
of the entries v in T .

Proposition 4.3 If D is a sorted two-rowed, row-convex shape then SDq (L�)
has a basis consisting of all elements [T ]q indexed by the straight tableaux of
shape D �lled with elements of L.

Proof. At �rst, let us assume that the top row contains the bottom row.
We start by brie
y describing the two-rowed straightening algorithm. Sup-

pose that T is a row-standard but non-straight tableaux. Let k be the leftmost
column in which T has a 
ippable inversion. Let i + 1 be the column of the
leftmost cell in the bottom row of T such that the contents of that cell are bigger
than the contents of the cell in column i of the top row.

Now use Lemma 4.2 to replace [T ]q with a linear combination of [T�]q by q-
symmetrization of the entries in all cells of the top row, except those in columns
i + 1 through k � 1, together with the contents of all cells in the bottom row
that fall in columns i+ 1 through k. Suppose T is as pictured below,

: : : vi�2 vi�1 vi ui+1 ui+2 : : : : : : uk�1 vk+1 vk+2 : : : : : :

@
@I

@
@I

?: : : wi�1 wi vi+1 vi+2 : : : : : : vk�1 vk wk+2 : : :
(1)

then the strictly increasing sequence : : : ; vi�1; vi; vi+1; : : : ; vk; vk+1; : : : is being
q-symmetrized. Now resort the rows using Proposition 2.5, picking up powers
of �q as needed. To �nish the proof of Proposition 4.3, it su�ces to prove that
each such application of Lemma 4.2 produces only tableaux T� with strictly
larger column word than the column word of T . Let j = min�(vc)6=vc c. The
proof decomposes into three cases.
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Case I. (j � i)
The tableau T� is partly described by,

: : :

same

vj�1

�
�
col.j

>vj : : : : : : : : : : : :

�@
@
@R

�@
@
@R @

@I
@
@I

?
: : :

same

wj

�
� : : : : : : : : :

where the arrows of equation 1 have been copied solely to aid comparison. The
circled entries in the top row remain the same since applying � only brings
elements larger than vj to the top row. The circled entries in the bottom row
remain the same because to change them, the permutation � would have had
to bring some element x smaller than wj down from some position weakly right
of column j in the top row. But since by construction vj0�1 � wj0 for all j

0 � i,
we have x > vj�1 � wj . As the entry in cell j of the top row increased upon
permuting and only further increased on resorting the rows, we �nd that the
column word increases.

Case II. (i < j < k)
In this case T� is a tableau arising from permuting vj ; vj+1; � � � in the following
picture, where again the arrows indicate the relations that held in T :

: : : ui�2 ui�1 ui : : : uj : : : : : : uk�1 vk+1 vk+2 : : : : : :

@
@I

@
@I

?: : : wi�1 : : : wj�1 vj vj+1 : : : vk�1 vk wk+2 : : :
:

Since all the permuted entries are strictly larger than wj�1, row-sorting does
not move the �rst j� 1 entries in the bottom row of T . Further since k was the
column of the leftmost 
ippable inversion, we must have had that the top cell
in column j of T had a value less than or equal to the value of the bottom cell{
otherwise, there exists a 
ippable inversion left of column k since there exists an
inversion left of column k and the leftmost inversion in a pair of rows is always

ippable. This information is recorded in the following picture of T� :

: : : ui�2 ui�1 ui : : :

same

uj

�
�: : : : : : : : : : : :

�6

: : : wi�1 : : :

same

wj�1

�
�>vj : : : : : : : : :

:

where the arrows indicate the relations that held in T . The inequality holding
in column j guarantees that none of the v's that are moved up to the top row
can be resorted into the �rst j cells of that row{thus we can guarantee that
those cells are indeed unchanged. Since all entries in the bottom row right of
wj�1 are strictly bigger than vj , the bottom cell of column j increases and we
conclude that the column word increases.

Case III. (j = k)
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The last case is particularly simple. We are guaranteed that T and T� agree in
their �rst k � 1 columns and the bottom rows of T and T� di�er precisely by
replacing vk with some vl > vk. Since the bottom element of column k increases
even before row-sorting, we are done.

If the bottom row ends at least as far left as the top row, i.e. shape D is skew,
then we set i+ 1 to be the �rst cell of the bottom row. The above arguments
follow identically in Cases II and III; Case I is now super
uous.

Porism 4.4 If T is a row-standard tableau of two-rowed, sorted, row-convex
shape D and if

P
� ��[T

(�)]q is the expansion of [T ]q in terms of straight tableaux
T (�), then cT < cT (�) and wT � wT (�) in lexicographic order.

If D is skew, we can duplicate the classical straightening procedure by ap-
plying the preceding syzygy to any non-straight tableau and iterating. However,
unlike straightening for skew tableaux, the row-convex straightening law of [T]
required that the straightening syzygies be applied when two not-necessarily
adjacent rows form a non-straight tableau. The next several lemmas circum-
vent the problems caused by the fact that quantum minors do not necessarily
quasi-commute. We choose the pair of rows forming a non-straight subdiagram
to be su�ciently close together, and show how to pull out the intervening rows,
apply the straightening syzygy, and then put the relevant rows back.

First observe that duplicating the proofs of Lemma 4.2 and Proposition 4.3
proves the following.

Proposition 4.5 Let D be a sorted row-convex shape. Let �D be the shape
obtained by interchanging the rows of D. For any tableau T of shape D, let �T
be the shape �D tableau obtained by interchanging the rows of T . S

�D
q (L) has

a basis consisting of all elements [ �T ]q as T ranges over all straight tableaux of
shape D �lled from L.

Lemma 4.6 Suppose that T = ���T1���
���T2���

is a row-standard tableau of two-rowed,
row-convex shapeD. Further suppose that one row ofD contains the other. Un-
der these assumptions, and maintaining the notation of Proposition 4.5, Tabq(T )
can be written as Tabq( �T ) +

P
� ��Tabq(

�S(�)) where each tableau �S(�) is row-
standard of shape �D and has strictly larger modi�ed column word than T has.

Proof. Suppose that D is sorted. Because all straight tableaux have di�erent
modi�ed column words, the basis elements [T ]q, or alternately Tabq(T ), found
in Proposition 4.3 must have di�erent initial terms. By the identity following
Proposition 2.8 we can write Tabq(T ) as a linear combination of Tabq( �T

(�))
where the tableaux �T (�) have shape �D. Either the �T (�) or (when D is sorted)
the T (�) may be taken to be straight. Taking initial terms it is clear that each
�S(�) has lexicographically weakly larger modi�ed column word than T .

We call a diagram weakly skew when it is either a skew shape or a partition
shape.
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Lemma 4.7 Suppose that D is a sorted, row-convex diagram in which two rows
r < s form a weakly skew subdiagram and suppose there exists no intermediate
row r < i < s such that those three rows form a weakly skew subdiagram
of D. There exists a diagram D0 obtained by permuting the rows of D such
that SDq = SD

0

q and such that under this permutation the rows r and s end up
adjacent with r still preceding s.

Proof. The rows lying between r and s fall come in two (not necessarily disjoint)
types. Rows of type A are contained in row r and rows of type B contain row s.
This implies that any row of type B appearing above a row of type A contains
the type A row. Thus by the equation after Proposition 2.8, we can permute
the rows of type A up to before row r; start with the northmost such row and
move it up by successive interchanges, then move up the second northmost row
of type A etc. Once this is done, carry out an analogous process (starting with
the southernmost row of type B) to move the rows of type B south of row s.

Lemma 4.8 Suppose D is a sorted, row-convex diagram. Suppose r < s are
rows of D where row r contains row s. There exists a shape D0 obtained by
permuting the rows of D such that rows r and s end up adjacent in D0 and such
that SDq = SD

0

q .

Proof. Again we construct the permutation by sequentially interchanging ad-
jacent rows for which one row contains the other. The intervening rows are of
type A{which are contained in row r and type B{which fail to be contained in
row r. Any row of type B appearing above a row of type A contains that row
and any row of type B certainly contains row s. We permute the rows of type A
up and then permute the rows of type B down just as in the previous lemma.

Porism 4.9 Let diagramsD andD0 be given as in either Lemma 4.7 or Lemma 4.8
and let � be the permutation taking D to D0 which was constructed in the proof
of the lemma. Any row-standard tableau T of shape D (respectively D0) can
be rewritten as a linear combination Tabq(T

0) +
P

� ��Tabq(T
(�)) of tableaux

of shape D0 (respectively D) where each wT (�) is strictly larger than wT , and
where T 0 is obtained by using � (respectively ��1) to permute the rows of T .

Proof. Apply Lemma 4.6.

These lemmas allow enough quasi-commutation modulo an appropriate �ltra-
tion to push through the straightening algorithm.

Theorem 4.10 Suppose D is a sorted row-convex shape. The expressions [T ]q
indexed by all straight tableaux of shape D with entries in L form a basis for
SDq (L).
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Proof. By Proposition 4.1 it su�ces to prove spanning. The spanning algorithm
is now easy. Present any element of SDq as a linear combination of [T ]q (or
Tabq(T )) where T ranges over some collection of row-standard tableaux of shape
D. For any non-straight tableaux T pick a pair of rows r < s that form a non-
straight subtableau. If row r contains the lower row, then use Lemma 4.8 and
Porism 4.9 to rewrite Tabq(T ) as a Tabq(T

0)+
P

� ��Tabq(T
(�)) so that T 0 arises

from permuting the rows of T in some fashion that leaves rows r immediately
above row s. Note that the shape of T 0 need not be sorted. Since r; s are
now adjacent, we can apply Proposition 4.3 to rewrite these rows in T 0 as a
linear combination where these rows have larger column word and weakly larger
modi�ed column word. Reapplying Lemma 4.8 and Porism 4.9 to all of these
tableaux gives a linear combination of tableaux where all but one have modi�ed
column words that are strictly larger than that of T . The tableau with the same
modi�ed column word has had its column word increased.

The same argument goes through, using Lemma 4.7 rather than Lemma 4.8,
if non-straight rows r < s form a strictly skew subtableau. We are guaranteed
that we can meet the extra conditions of Lemma 4.7 since any three-rowed skew
subtableaux of D in which the �rst and third rows are non-straight (and thus
non-standard) must have a non-straight subtableaux formed by either the �rst
and second rows or the second and third rows.

Porism 4.11 If T is a row-standard tableau of sorted, row-convex shape D and
if
P

� ��[S
(�)]q is the expansion of [T ]q in terms of shape D straight tableaux,

S(�), then wT � wS(�) and if wT = wS(�) then cT < cS(�) in lexicographic order.

Setting q = 1, the above straightening algorithm for Schur modules is sim-
pler than the one presented in [T]. One consequence of this for homogeneous
coordinate rings of a certain con�guration varieties (see [LM97]) follows.

Corollary 4.12 Let D be a row-convex shape, L an index set, and RD(L) the
ring generated by SDq=1(L). Let I be the ideal of relations among the [T ]q=1 for
all tableaux T of shape D. The ideal I has a Groebner basis consisting of the
relations which say that [T ] vanishes when T has a row with repeated letters,
permuting any two letters in one row of [T ] gives �[T ], skew symmetrizing k
letters of T and T 0 within the product [T ][T 0] yields 0 whenever the k letters
were chosen from a pair of rows occupying fewer than k columns.

The simpli�ed straightening law holds only for Schur modules. For the Weyl
and super-Schur modules treated in [T], the straightening law of this section
sometimes fails to terminate.

5 Flagged straightening

Classically, (i.e. when q = 1) the straightening law descends to a 
agged ver-
sion. The classical 
agged straightening law applies to representations of Bn,
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the group of lower triangular matrices. Further, when D is a rectangle, 
agged
straightening provided an Algebra with Straightening Law structure to the co-
ordinate rings of Schubert and skew Schubert varieties in the Grassmannian
(see [Sta76, Sta78].) In this section, we describe a 
agged version of the straight-
ening law presented above.

The quantum, 
agged Schur modules will be constructed as subquotients of
the algebraMatq(ti;j). We �rst construct the appropriate quotient ofMatq(ti;j).

De�nition 5.1 Let L = f1; : : : ; ng and let X be a generic n � n quantum
matrix. Let a; b be weakly increasing sequences of 1 : : : n each having length n
and such that bj � aj for each j. Let Ia;b = fti;j ji < bj or i > ajg. De�ne
�a;b :Matq(ti;j)!Matq(ti;j)=(Ia;b) to be the natural projection.

Proposition 5.2 Let X = (ti;j) be a generic quantum matrix and let Xa;b be
the Matq(ti;j)=(Ia;b)-matrix arising as the image of X under componentwise
application of �a;b. By construction, Xa;b is a quantum matrix; a basis for
the algebra Matq(ti;j)=(Ia;b) is given by (the images of) all ordered monomials
containing only variables ti;j outside of I.

Proof. It su�ces to check that under application of the relations in De�ni-
tion 2.1 and the relations ti;j = 0 for ti;j 2 I any monomial in the free algebra
generated by the ti;j 's reduces a unique ordered monomial. Then by the Dia-
mond Lemma (Theorem 1.2 of [Be78]) we know that the ordered monomials are
linearly independent. Since we already know that reduction is unique without
imposing the relations setting variables I to 0, it su�ces to show that under
this original reduction, any monomial divisible by some element of I reduces
only to linear combinations of monomials each divisible by some element of I.
Only reduction using the last relation requires any work and the desired result
is then immediate from the following: Given 1 � i < j � n and 1 � k < l � n if
either Xa;bi;k

or Xa;bj;l
is in I then at least one of Xa;bi;l

or Xa;bj;k
lies in I.

De�nition 5.3 LetD be a sorted, row-convex shape. De�ne (SDq )a;b(f1; : : : ; ng)

to be the image of SDq (f1; : : : ; ng) under the algebra homomorphism �a;b.
De�ne a tableau T to be a; b-
agged when any element in column j of T is

weakly larger than bj and weakly smaller than aj .

Theorem 5.4 Let D be a sorted, row-convex tableaux. The 
agged, quantum
Schur module (SDq )a;b(f1; : : : ; ng) has a Z[q; q�1]-basis consisting of all [T ]q
where T ranges over all a; b-
agged straight tableaux of shape D �lled with
letters in f1; : : : ; ng.

Proof. Since T being 
agged implies that LT
�
�a;b([T ]q)

�
= �a;b(LT ([T ]q)),

Proposition 5.2 proves independence. The straightening algorithm of the pre-
ceding section shows that the collection of [T ]q indexed by un
agged straight
tableaux spans. To complete the proof it su�ces to observe that if i and j
are increasing and there exists 1 � c � k such that ic < bc or ic > ac then
�a;b(Tabq(i1; : : : ; ik j j1; : : : ; jk)) vanishes.
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6 A quantum branching rule

Throughout this section �x L = f1; : : : ; ng and �x (ti;j) to be an n� n generic
quantum matrix.

The constructions of Section 3 produce modules over Uq(gln), the quantized
universal enveloping algebra of gln. We describe the action of Uq(gln) on S

D
q (L)

explicitly and produce a branching rule for describing the action of Uq(gln�1)
on SDq (L).

6.1 Quantum U(gln)

We start by recalling the de�nition of Uq(gln); this de�nition, Proposition 6.1,
and Proposition 6.2 all follow the exposition in [LeTh96].

The algebra Uq(gln) is described, up to isomorphism, as the algebra gen-
erated by noncommuting variables ei; fi for i = 1; : : : ; n � 1 and q�i ; q��i for
i = 1; : : : ; n subject to the relations,

q�iq��i = 1 q�ieiq
��i = qei q�ifiq

��i = q�1fi
q��iq�i = 1 q�iei�1q

��i = q�1ei�1 q�ifi�1q
��i = qei�1

q�iq�j = q�jq�i q�iejq
��i = ej and q�ifjq

��i = ej for j 6= i; i� 1.

Further, impose the relation

eifj � fjei = �i;j
�
q�iq��i+1 � q��iq�i+1

�
=(q � q�1)

where �i;j is the Kronecker delta. Finally, require that all ei's with indices
di�ering by at least two commute (similarly for the fj 's) and when ji� jj = 1
impose the relations

eje
2
i � (q + q�1)eiejei + e2i ej and fjf

2
i � (q + q�1)fifjfi + f2i fj :

We require the following action of Uq(gln) on Mat
Q(q)
q (ti;j)

Proposition 6.1 There is a representation of Uq(gln) on Mat
Q(q)
q (ti;j) de�ned

by the action of the generators on the quantum variables,

q�itk;l = q�i;k tk;l; q
��itk;l = q��i;k tk;l; eitk;l = �i+1;ktk�1;l; fitk;l = �i;ktk+1;l;

where �i;j is the Kronecker delta and by the quantized Leibniz formulas,

q�i(gh) = (q�ig)(q�ih); q��i(gh) = (q��ig)(q��ih);

ei(gh) = (eig)h+ (q��iq�i+1g)(eih); fi(gh) = (fig)(q
�iq��i+1h) + g(fih):

Proposition 6.2 Choose integers 1 � i1 < � � � < ik � n and 1 � j1 < � � � <
jk � n. The generators of Uq(n) act on quantum minors as follows,

q��iTabq(i1; : : : ; ikjj1; : : : ; jk) =

�
q�1Tabq(i1; : : : ; ikjj1; : : : ; jk) if i 2 i
Tabq(i1; : : : ; ikjj1; : : : ; jk) otherwise

eiTabq(i1; : : : ; ikjj1; : : : ; jk) =

�
Tabq(i1; : : : ; il�1; i; il+1; : : : jj1; : : : ; jk) if i+ 1 = il

0 if i+ 1 62 i

fiTabq(i1; : : : ; ikjj1; : : : ; jk) =

�
Tabq(i1; : : : ; il�1; i+ 1; il+1; : : : jj1; : : : ; jk) if i = il

0 if i 62 i
:
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Since the straightening law in Section 4 only produces coe�cients in Z[q; q�1],
the representation-theoretic results of this paper will hold for an appropriately
chosen Z-form of Uq(gln). Accordingly, and loosely following [Jn96], we de�ne
Uq(n) = UZ[q;q�1](gln) to be the Z[q; q�1]-subalgebra of Uq(gln) generated by

ekj = [k]!q, f
k
j = [k]!q , q

��i , and
�
�i+a
k

�
q
for all 1 � j � n � 1, all 1 � i � n, and

all integers k; a � 0. Here [k]!q = (1 � qk)=(1 � q) is the usual q-factorial and�
n
k

�
q
= [n]!q =([k]!q [n� k]!q) is the usual q-binomial coe�cient.

The following is an immediate consequence of Proposition 6.2 and the straight
basis theorem.

Proposition 6.3 Let D be a sorted, row-convex shape. The quantum Schur
module, SDq (L), is a module over Uq(n) with action descending from the action

of Uq(n) on Matq(ti;j). The rank of SDq (L) over Z[q; q�1] equals the rank of

SD1 (L) over Z.

6.2 A �ltration

The branching rule and �ltration of [T] carry over to quantum Schur modules.

De�nition 6.4 Let D be a sorted, row-convex shape with cells in some subset
of columns f1,. . . ,ng. A vertical strip V in D is any subset of the cells of D such
that one obtains a straight tableau on letters f0; 1; 2; : : : ; g by putting 0 in the
cells of V and putting into any other cell (r; c) that cell's column index, c.

For a vertical strip, V , de�ne a sequence p(V ) by letting pi(V ) be the number
of cells of V in column i.

For any diagram, E, let jEj be the number of cells in E. For two vertical
strips V; V 0 de�ne V � V 0 (read V is weakly left of V 0) when jV j = jV 0j andPj

i=1 pi(V ) �
Pj

i=1 pi(V
0) for all j, i.e. when p(V ) � p(V 0) as compositions of

jV j under the dominance order.

As observed in [T], p(V ) uniquely determines V .

De�nition 6.5 LetD be a sorted, row-convex shape with cells in some subset of

columns f1,. . . ,ng and let V be a vertical strip in D. De�ne SDq
>V

(f0; : : : ;mg)

(respectively SDq
�V

(f0; : : : ;mg)) to be the Z[q; q�1]-span of [T ]q as T ranges
over all vertical strips V 0 strictly (respectively weakly) right of V and over all
straight tableaux of shape D on letters from f0; : : : ;mg such that 0 appears in
precisely the cells of V 0.

Proposition 6.6 The Z[q; q�1]-modules SDq
>V

(f0; : : : ;mg) and SDq
�V

(f0; : : : ;mg)
are Uq(glm)-representations.

Proof. Let T be a straight tableau. By Proposition 6.2, the Uq(glm)-action
expands [T ]q into a linear combination of [T (�)]q where the cells occupied by 0
in T and in the T (�) are identical. These T (�) are not necessarilly straight, but
they may be taken to be row-standard. Since application of the straightening
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law to a nonzero row-standard tableaux cannot move a 0 to a column further
left than the one in which it started, the proposition follows.

We can now state the branching rule.

Theorem 6.7 Let D be a sorted, row-convex shape. Let the list V1; V2; : : : ; Vh
be a linear extension of the partial order on vertical strips of D. Let Si be

the span of the modules SDq
�V1

(f0; : : : ;mg); : : : ;SDq
�Vi

(f0; : : : ;mg). The ith

quotient Si=Si�1 of the �ltration 0 � S1 � S2 � � � � � Sh = SDq (f0; : : : ;mg) is

isomorphic over Uq(glm) to S
D=Vi
q (f1; : : : ;mg). Here D=V is the shape formed

by removing the cells of V from D.

The proof amounts to the following result.

Proposition 6.8 Let D be a sorted, row-convex shape and V a vertical strip
contained in D. Over Uq(glm), we have

SDq
�V

(f0; : : : ;mg)
�
SDq

>V
(f0; : : : ;mg) ' SD=V

q (f1; : : : ;mg)

where D=V is the shape formed by removing V from D. The isomorphism,
�, is given by �([T ]q) = [ ~T ]q where ~T is the tableau of shape D=V formed by
removing all 0's from T .

Proof. We will show that � is a Uq(glm)-map by constructing it as the restriction
of a Uq(glm)-map �0 on a submodule of a multigraded piece of Matq(ti;j).

We �rst de�ne the appropriate submodule of Matq(ti;j). We say that a
monomial ti1;jl � � � tik;jk contains the monomial ti01;j01 � � � ti0k0 ;j

0
k0

if the multiset

ffti1;jl ; : : : ; tik;jkgg contains the multiset ffti01;j01 ; : : : ; ti0k0 ;j
0
k0
gg . De�neMatD;�V

q (ti;j)

to be the submodule of Matq(ti;j) spanned by all degree jDj monomials con-
taining

Q
l t
cl
0;l for some c such that c � p(V ) and not containing any monomialQ

l t
c0l
0;l where

P
l c
0
l > jV j.

Let MV =
Q

l t
pl(V )
0;l . We de�ne

�0 :MatD;�V
q (ti;j)i=0;:::;m; j=1;2;::: !Matq(ti;j)i=1;:::;m; j=1;2;:::

by requiring �0(M �MV ) =M when M is a degree jD=V j (ordered) monomial in
Matq(ti;j)i=1;:::;m; j=1;2;:::. This can be veri�ed by checking that the preceding
property is preserved under applyication of the fourth commutation rule in Def-
inition 2.1. Similarly, de�ne �0(M �MV 0) = 0 when V 0 is a vertical strip located
strictly right of V . The kernel of this map is precisely the module spanned
by all monomials appearing in the de�nition of MatD;�V

q (ti;j)i=0;:::;m; j=1;2;:::

which contain
Q

l til;jl �
Q

l t
cl
0;l where for some l, cl > pl(V ). For the obvious

reasons, we call this kernel MatD;>V
q (ti;j)i=0;:::;m; j=1;2;:::.

Since SDq
�V

(f0; : : : ;mg) � MatD;�V
q (ti;j)i=0;:::;m; j=1;2;:::, we can construct

a map � : SDq
�V

(f0; : : : ;mg) ! Matq(ti;j)i=1;:::;m; j=1;2;::: as the restriction of
�0.
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Now a basis of SDq
�V

(f0; : : : ;mg) is given by all [T ]q where T is straight and
the vertical strip V 0 formed by the 0's in T is weakly right of V . If V 0 is strictly
right of V , then all monomials in [T ]q lie inMatD;>V

q (ti;j)i=0;:::;m; j=1;2;:::, hence

SDq
>V

(f0; : : : ;mg) �MatD;>V
q (ti;j)i=0;:::;m; j=1;2;::: = ker �0.

A direct check, as above, of the commutation relations 2.1 for the ti;j shows
that if T is straight of shape D and its 0's occupy the vertical strip V then
�([T ]q) = �0([T ]q) = [ ~T ]q where ~T is the tableau of shape D=V formed by

removing all 0's from T . Since these [ ~T ]q are independent, we have that ker � =

SDq
>;V

(f0; : : : ;mg).

Perusal of the preceding proofs show that the same branching rule holds
under 
agging.

Porism 6.9 Maintain the notation of Theorem 6.7 and �x a weakly increasing
sequence, a, of 0; 1; : : : ;m. De�ne Sia = �a;0 where �a;0(Si) is the 
agging func-
tion of Section 5. The modules Sia are modules over the subalgebras Uq(bn+1)

and Uq(bn) of Uq(gln+1) generated over Q[q; q�1] by variables q�i ; q��i ; fi for
i = 0; : : : ; n and i = 1; : : : ; n respectively. (Over Z[q; q�1] one can substitute
the appropriate Z-form as on page 16.) The sequence 0 � S1a � S2a � � � � �

Sha = SDq (f0; : : : ;mg) forms a �ltration of (SDq )a;0(f0; : : : ;mg) and the ith

quotient Si=Si�1 is isomorphic over Uq(bm) to (S
D=Vi
q )a;0(f1; : : : ;mg).
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