On maps info s co-ti-space

Marek Gorasmvsgl and John B Kimpmw

Reprinied from the

Himosamva Matgematical JourmaL

Yol 28, No 2, Jury, 1998







Hreosmms Matn L
28 {1998, 321327

On maps info a co-H-space

Mar

- Gopasrosgg and John B Komy
{Recstved March 14 1597

Amstract. We prove that the domain of & map ¥ — ¥ 10 3 oo-Flespace inherits 3 co-
Hestrugiure provided some dimensionalily and conneclivily propertiss holl, Then we
deduce that 2 space X admits 3 co-Hestructure if and only i on 2l s skelelons there s
such 2 siructure as well  BMoreover, if 1 is lconnested then a2 co-thstructure on ¥ s
equivalent 1o such 2 structurs on all its homology decomposition sfages.

Iniroduction.

#ecall {3, Chapter IX], where it was shown that 2 map X — ¥ of basad
spaces exlends an H-space stracture on A to one on ¥ provided some
conpectivity properties hold. In particular, the resuit implies that an H-
strocture on X Is inherited on all #s Postnikov siages.

This paper sxamines the dual problem.  However, the arguments used for
H-spaces do not seem 1o dualize. Therefore, we make uwse of the ons-to-one
correspondence (see [1] or {2, p. 209-212]) between homotopy classes of co-H-
structures on 2 space X and those of corsiractions ¥ — Z0%. A resulf due o
Hilion (see {2, p. 1B3]) says that if 2 space X is dominated by a co-H-space ¥
then X alzo admits a co-F-structure.  We prove (Theorem 1} that the domain
of 2 map ¥ — ¥ to a co-FH-space ivherits 3 co-fi-struciure provided some
dimensionality and connectivity properties hold. Then we deduce {Corollary
i} that a space ¥ admits a co-H-structure if and only ¥ on all iis skeleions
there is such a structure as well.  Maoreover, i X is T-comnected then Corpllary
3 states that a co-H-struciure on & is equivalent 1o such 2 structure on all its
homology decomposition siages and a duslization of Corollary 3.6 in {5, page
443} iz obtained provided X s Z-conmested,

1. Preliminaries.

We consider based spaces of the based homotopy type of 2 hased CW-
coraples; the basepoints are assumed 1o be pop-degensrate. All maps and
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Koy words and phroses. co-Flspace, co-Heguivalonce, Bat and smash produst, homotopy pull-

wack, ssspension and loop B
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homoiopies are suppeosed 10 preserve basepoints and all spaces denoted by the
symbols &, ¥ and their denivates {¥,, ¥, sic.) are implicitly assumed {0 be
based CW-complexes. [ foflows from 4] the constructions we will perform
do not lead ouiside the class of spaces comsidered. Tor a2 space X let

............................. TN R S | i gg_}g}@}. m B fot ¥t i
map of the wedge info the product. A go-H-sprucnwe om X is a map
g: X — X v ¥ such that the diagram

e inclusio

¥ w X

i

=

¥y A xxx

j

commuies up {0 homotopy. A co-H-space is a pair (X, ), where X 18 a space
and ¢ a co-H-structure on &. An fmversion for o 18 a map »: ¥ — X such
that the composites

¥ oxvx N yyx ey and x-S xvx 2 yoxy Loy
are both nulliomotopic maps; ¥ is the folding map.  We point out that by [3]
any co-H-siructure on 3 l-ponnecied space admiis an inversion.

With any space X we moay associate 212X, the (reduced) suspension of
the loop space of X. the natwal projection py : 20X - X 15 given by
pxlit, ol = ol for fele ZOX. A corefraction sz map ¢ ¥ — Z0X such
that py¢ o= idy, the identlty map of X. For a space X the suspension co-H-
structure sy 22X — X v ZX s the pinch map and the coreftraction
Fe: JX — XQZX is given by e(x)(t) = {t,x] for xe X and re[0,1. As it
wzs pomnted owt in [1] and 2, p. 209-2121 the map (py v pylsay
LY — ¥ v X mduces a bijection between homotopy classes of corefractions
ang those of comuliiplications on X,

iet f: X - ¥ be any map and consider the diagrams

. EZGF . S
InxY 2. Xy ¥vi¥y 22, YvY
# T + 4
| :
N | H
) SN v ¥ W{Z__} ¥

i which ¢, ¥ ars corsiractions and ¢, 7 the corrssponding comuliiplica-
tions.  Taking into account [1] the second sgnare homotopy commules if and
only i the frst doss; we way then that / iz 2 map of co-Hspaces (X, o) and
(¥
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We now show how maps from some spaces into a ¢o-H-space reflect co-H-
structures on their domains. Foramap f: X — ¥ we write conn [ == 2, if the
induced map of homotopy groups m{f ) 7 (X)) — 7 (Y)Y i3 an isomorphism
for & < # and an epimorphism for k = s, In particular, for the map 7 X — o

. - . [

¥ Hi-5P H e GOHT Pl rite-Kh i g H
the fial and smash product @f spacss X and Y, respectively; now there is a
homotopy equivalence XBY =~ Z0X A Q7 (ses eg., 2, page 216]).

Temma L. For e mup [ X —7, comifAf)=comnf4

minfoonn X, conn Y1 + 1 and comn{f%) = connf + minfconn X, comn ¥}

Proor. Observe  that  faf={frdpedy Af) and 3=
{(fhidgio(delf. From the above [fhdy =07 A idpey and  idyd =
ideoy ~ 8. Hence comnlf Ayl =connf +oomn ¥ 41, copnlidy A f) =
connf +oonu ¥ +1. and  conn{/Pdy) =comn X <+ connf, connidyh =

conn ¥ +conn . The result follows, M
This lemma will be also useful in the next section.

A 4 B Fu Faet . ;

Ipmma 2. Lot Xy —— 5 —= - — X, = Ty — - b2 g couniable

direct systemn of co-Hespaces and co-Hemaps. Then its hometopy colimit
holim X, admits a co-H-structure such that the canonical imbeddings
X, — holim X, are co-Hemaps for all n 2 0.

Proor. By the “small object” argument we get that the canonical map
aolimp ZOX,— 2 holim 2, = Z0holun X,

is a homoiopy equivalence. Then the corstractions ¢, : X, — 20X, corrs-
sponding 10 co-H-structures on X, for n = 0 vield the requirsd corstraction
¢ = holim ¢, « holim X, — Z£2 holim X. 3

Z. Main resuis,

The behaviour of co-Hestructures with respect fo maps is taken into
account in this section.

Tusomem 1. Let f X — Y be a map with ¥ o co-Hespace. I
dim X < connf + mini{conn X, conn ¥} then there exisis a {which iz unigue up
to homotepy If strict meguality Folds) co-H-structure on X such that § X — Y
iz o co-Hemap.
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ppony.  Consider the commutative {(up 0 homotopy) Giagram

{gz v ?y}é‘}’

P i roy S0 Y v Y
ién%’ E
i g e o .
; . 4 -
; ¥ —_—e sy ¥ x Ef

where the first square is the homotopy puliback and the second one is also a
homotopy pullback by {11 Thersfore, the homotopy fibres of the maps
py  ZRY - ¥ and 7w P .. X have ihe homotopy type of the space
v»¥. Letnow ¢: ¥ — ZQY be the coretraction corresponding to the co-H-
structure on Y. Then the pairs of maps ZOf ZOX - 28T py X - X
and ¢f : X — Z2Y, idx vield maps 2: ZQX — P and y: X — P, respectively
with the appropriate compogiic property.

Analvze now the map of fibrations

WY e EOX e X

| » |
: I

YsY —— P T X
From the Slemma we get thal coana = conn fof. But by Lemma i
connfbf = conn f -+ min{conn X, conn ¥} and the obsiruction theory vields a
{unigue up 1o homolopy if there is strict inequality) map ¥ : X — 03X such
that o = v. Then mugr > p W =~ my = idy and the map # determines 2 ¢o-l-
strycture on ¥, Moreover, (2O = wap =y =gf andf X — ¥ is a co-
H-map. [

Levma 3. Let fi: Xi— ¥, f2: ¥, — ¥ and g: X1 — X2 be maps with
fhg=fi and ¥ 2 co-H-space. If dimiX = min{connf; — 1,connfi +
min{conn X, conn Yivoapd dimXs = conn fz + min{conn A, conn Y} then @
co-Hstructure on ¥ yields co-H-structures o8 X, and X such that g Xy — g

is ¢ co-Hemap.

Proor, Let 40 ¥ — 02V be the coretraction determined by the co-H-
sipnciure on ¥ oand &y X — F0X), &y X — 26X the corsiractions
determined by the go-H-structuies oD X, and X described in Theorem 1. Te
show the commutativity (up 1o homotopy) of the disgram

X —— E2aX
| ;

4 R

e #

AT . LK,
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observe that (J00)dg = dhg =~ 9y and (E05) N30, = ’?i}fég}{;ﬁ; o
(20, =~ ¢fi. But conn X0 = connfs aﬁd dim ¥; <connfs — 1, hence

obstruction theory vields a homotopy (Zlgid, >~ ¢4 ]
i lts can he stated now., For 3 space X let X be its n-

hen Theorerm i, Lemmas 2 and 3 3 vield

. T
k§€%@ﬁ a0 T

COROLLARY L. A4 comnected space X adwits a co-H-sivucture if and only if
on each skeleton XU there exists such a co-Hestructure that the canonical
imbedding XW — XN js g co-Homap., Furthermore, in this case, the
imbedding X — X is a co-H-map for suitable co-H-structures on X and X

Foracotl-map /X — ¥ let O be its mapping cone and g ¥ — {y the
canonical imbedding. By [3] we may gve Cr a co-He-struciure in such 2 way
that ¢ is a co-H-map. We now show that the converse of this fact also holds,
provided some conditions ave satisfied.  Recall first that for a co-H-space ¥
with 2z co-Hestruciure ¢ and an inversion map, and any space ¥ there is a
(paturally) split shori exact seguence

I— X, ¥ —4, % XY » ¥i—1,

where jovy =id with ve(lay, ) = [{o vaplol for (ay, ) X — ¥ x ¥,
Denote the induced operation on [X, ¥ v Y] additively and Eiﬁ‘et By =id — yyi.
Then we get A8y =0

TuroreM 2. Let [ X — ¥ be g map with X and ¥V l-commected co-FH-
spaces.  if the mapping cone {r is a {:)»ﬁ»ifp&{:g g: ¥ — L;;- a co-H-map and
die ¥ < conn X +minfcomn Yooonn O} then /0 X — ¥ is a co-Homap.

Froor. Observe that by [3] a co-H-struchure on a l-connected space X
admits an ioversion. let ¢ ¥V = ¥ v ¥V and ¢ & — & v & be ol
structures on Y and s, respectively and consider the comumwtative diagram

XYl S xyvyl S X vy

i

g | | gy,
H H

4

i
A4

. v . L
.Gl —— X Cv Gl —— X GG

E

Then (96q),By0n((f) = B, 0'a.{[fD) = Bo,0.({a/D = 0. But conng = conn¥
and by Lemma 1 comn{grg)=conng -+ min{conn ¥,connCr}, hence
dim I < connighg). By obstruction theory the map (¢kg), 38 an isomorphism,

=0 From the defimtion of £y we denive that

so we get that f.o.lf]
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gf ={f v, where 7: ¥ — ¥ v ¥ is a co-H-structure on ¥ and 8nally / is
g co-F-map. ]

In particular, let M{4,n) be the Moore space of type (4,n) for

g R Thesy dim M A g il oo M (AT st Thas {
the following

ComorLary 2. Let M{A,n) be the Moore space of type (A, n) for n 2 2,
X a Z-comnecied co-Hespace and | M{A, 5 — X a map. I the mapping cone
Cr of fis a co-H-space, g : X — C; a co-H-map then [ M{A n} — X is a co-

H-map.

Let now X be a l-connected space and

[
S oy, i

its homology decomposition due o Hilton [2, Chapter 8] Roughly spsaking
the space X with hemology groups H,(X), H{X). ... is built-up by a process
of successively attaching comes C{M{H,(¥),n— 1)) to X, by the homo-
logically trivial maps M{H,(X),n—1) — &, delermined by the X' -classes
H_,e[MH{X ) n— 1}, %, where M{H.(X},n~1) 5 the Moore space of
type (H,(X),n— 1} This, by Lemmas 2 and 3, Theorsm 1 and Corollary 2 1t
may be stated that a dualization of Corollary 5.6 in {5, page 443] there exisis.

Conorrary 3. (1) 4 l-commecied X spoce aqdmits g co-Hestructure if and
only if on egch mth stoge X, there exists such g co-H-structhwre that
In Xy — Xoot 8 ¢ co-Ho-mnap,  Furthermore, in this case, f, 0 X, — X iz a co-H-
map for suitable co-H-structures on X and X,

2V ¥ X iz ¢ Z-commected co-Hespace with homology groups Hi(X3,
HX,... then the maps M{H (X, n — 1} — X,y determined by the k' -classes
gre co-Hemaps for all n 2 3
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