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Abstract
The domain decomposition method in this paper iz based on PCG(Preconditioned
Conjugate Gradient method). If & is the number of subdomains, the number of sub-
. .4 1 -
problems solved parailelly in a PCG step is 5{1 o W)N‘ The condition aumber =

of the preconditioned system does not exceed O1 +log N)3 . It is completely indepen-
dent of the mesh size. The number of iterations required, to decrease the energy norm

of the error by a fixed factor, is proportional to G{1 + log N)%.

81. Triangulation and Subdomain Selection

Let {1 ¢ R? be a bounded polygonal region, and let

{ a(u, v} =(f,v}, f € H7H{),v € H5(0), (1.1}
u € Hy(Q)

be the variational form of an elliptic operator defined on it. The bilinear form satisfies

a{u, v) = alv, uj,
fa{u, v}] < M'|Jull - |]ol}, (1.2)
a{u, u) 2 M"{ulf,

where [ - || is the Sobolev norm in H'{2}. From (1.2} the norm is equivalent to that
introduced by a{,-} in H}{0}). In what follows, we will consider H{f2} as a Hilbert spase
with the inner.product a(-, ).

We will approximate (1.1} with the finite ¢lement method. Triangular partition and
linear continuous elements will be used. The triangulation satisfies quasi-uniformity and
inverse hypothesis.

1.1. Triangulation. T is a triangalation of { satisfying quasi-uniformity and inverse
hypothesis. Divide any triangle T° of T° into four (Fig.1), and we get a partition T' with
the first refinement. Continue the process with T! similarly. After the m-th refinement,
we get the final triangulation 7™, which is the partition we really use for finite element
approximation. The mesh size of T is h.
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Let 8™ = S} < H}{Q)} be the finite element
space. 89 ¢ §' « -+ < 8§ are finite element
spaces corresponding to O-level to m-level triangu-
Jations. O represents the set of [-lével finite element
nodes. {l € §',i ¢ (¥} are the usual finite element
basia functions,

AI == {a(¢§t¢§'))§‘}‘€éi (1.3)

is the llevel stiffness matrix, A™ = A4,{ = 0,1,2, Fig. 1
R (N {1 =0,

1.2. Subdomain Selection. {0}, 1= 0,1,2,---,m, k= 1,2,---, N} is a set of open
subregions of {}. For a fixed I € {0,1,2, -, m}, {0, k = 1,2,---, N;} i3 the set of I-level
subdomains.

The following requirements should be met.

Al, {80,k = 1,2,.--,N} iz a part of the mesh line of the triangulation T =
0,1,2, -, m.

AZ. Por any fixed I € {0,1,2, -+, m}, i.e. on a given level,

Ny
Uoi=n, (1.4}
kzl‘

{2,k = 1,2,---, N;} satisfies the quasi-uniformity requirements. H; is the diameter of
l-level subregions, H,, = H. :

A3. For fixed I, there is another set of subregions {Q’i, k=12 -, N}sothat 0l C o)
and

dist{302L \ 30,80\ 30} > o - H,

where « is a fixed constant. At any point in {I, the number of subregions in {Q’i,k =
1,2,---, Ni} which cover this point does not exceed a fixed number {if the coefficient of
the function term in the differential operator is strictly positive, this requirement can be

released.) )
(i = 0L N} is the set of node points in {1} From (1.4) we get

Ny
[ =4 (1.5)
k=L :

It is well known that the relation among the numbers of nodes, triangles and edges of a
triangulation is roughly 1 : 2 : 3, and the numbers of triangles of one refined triangulation
is four times that of the original one. Therefore,

R0 >4, 1=1,2,--,m

To ensure that the scales of subpreblems are roughly equal to each other, we require

Ad. N;=41=0,1,2,---,m.

N = N,, is the number of subregions. O-level to {m — 1}-level subregions are considered
as auxiliary subdomains. The number of levels m = log, N is independent of the mesh size

k.
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Under this assumption, we have

. H?
{Qk[:o("gﬁ*): k=12, N; I=0,1,2,- -, m.

The total number of subproblems is

4 1 4
i.e. the number of auxiliary subproblems is less than N /3.
Remark 1.1. We only require that the subregions of a fixed level can cover the whole
region. This requirement is essentially different from that of [1] and [6].
Rempark 1.2, There is no ‘hierarchical’ relation between subregions of neighbouring
levels, *

§2. Construction of the Preconditioner

2.1. Restriction and Prolongation.

2.1.1. Restriction and Prolongation between levels. For a fixed le {0,1,2,--  m- 1}
and ¢ € (¥, the nodes shown in Fig.2 are called one leve) neighbouring nodes of s; they
compose the set O:’l.

We define the restriction operator from a function £+ defined on (¥*! to a function F
on {¥ as

FO=160+ 5 Y /10, iedl

JEOh
(2.1)
This process is written as
fi — rtfH'i.
The operator v can be represented with an ]ﬁ‘i X
[(¥+*] matrix, still denoted by . Fig. 2
We define the restriction from {1 to (I as
Rl =t piHl coprmel 1=0,1,---,m~1.

R' also represents an 1] x |6 matrix.

Let ¢ € (¥ be a node. O} is its neighbouring set
O; = (Supp {4{})°[) 1 - {i}.

It is easy to see that, for a function [ defined on 0, f= R'. fis a function on {¥. For
i € (¥, f'(i) is only related with the values of f on nodes in 0!, From (2.1), we have the
local expression of this operator

FEY=(RBN6E =160+ 3 ¢4) - 115). (2.2)

v;‘eog
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For a discrete function f' defined on (¥, we define its interpolation function I'f! € 87 as
£ gl Nl
Fft=3"16) 4.
eq

I'™ will be written briefly as 1. X
We define the prolongation operator using the above interpolation. From (¥ to (1 we

define f = P fT, X ,
fAy=0f{),iel, 1=012 ,m-1

P! represents the (3] x |{¥| matrix corresponding to the above operators as well.

Proposition 2.1. P = (R')T. _

This result can be easily deduced from a lemma of [3].

2.1.2. Restriction and Prolongation on Subdomains in a fixed level . For a fixed | &
{0,1,2,---,m} and a subdomain ﬁi, k= 1,2, ,Ni, let fl be a function defined on ﬁi

We define its extention to the whole ﬁi, as
), el

(E;f;mm{ v ieth
0, i€~

The restriction from {I' to ﬁi is defined as
(CL1)E) = f1(3),0 € i

Cl and E are !ﬁ*ij ® [ﬁ‘] and !ﬁll X {ﬁi% matrices respectively. It is easy to see that
G = (B)T

with both C? are E¥ as identity matriges.

2.2. Preconditioner. With the above preparation, we can give the expression for the
inverse of the preconditioner Q. In the PCG iteration, only @} not @ will take part in
the operation; the expression for @ is not necessary. As shown in (1.3}, the l-level stiffness
matrix is

A = (a{gl, ¢§'})i,;‘efl"

We may define the stiffness matrix on a subdomain in a fixed level similarly,
Al = (G(#’i;‘ﬁ;’))gd&ﬁi, =012, mk=12 - ,N.

2
The order of all these matrices is roughly Of %)

The expression for the inverse of the preconditioner is

™ N
Q7' =3 P() EL(AL)'CR, (2.3)
FEETY] k=i

where P™, R™, E?, C¥ are identity matrices.

Remark 2.1, From the symme;.ry of AL and Proposition 2.1 we know @ is symmetric.
The first term in the ocuter sum symbol on the right-hand side of (2.3} is positive definite
and other terms are nonnegative definite. Therefore, Q iz positive definite.

A R
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Remark 2.2. For a given vector f € B! (it is a function defined on M, fl=Rfli=
0,1,2,.+,m~1] can be computed syrnchronously. This process is fully parallel. The action of

H ¥ H

C} does not take any time. Al the subproblems (inverse action of Ai;f =0,1,2,-,mk=
1,2,::-, N;} can be solved parallelly. Pl =0,1,2,---,m — 1} may act on each level, and
even on all subdemains at the same time. Every subproblem amounts to a homogeneous
boundary value Dirichlet problem. What kind of parallel computer iz ‘most suitable to this
algorithm, and how to arrange subproblems on processors of a given computer need further
study.

§3. Estimation of the Condition Number

Since Q) is a symmetric positive definite matrix, the condition number of Q1A is de-
termined by the ratio of the maximum and minimum value of the generalized Rayleigh
quotient

(AQ' AL /)
A (3.1}

8.1. An Equivalent Expression of the Rayleigh Quotient. $™ ¢ H}{{1) is a
Hilbert space with inner product a-, }, and 8} = S'\nAHO c S™(i=0,1,2,---,m;, k=
1,2, -, N;) is its subspace. We use P} to represent the orthogonal projection operator from
8™ to SE. P'is the orthogonal projection operator from 8™ to §°.

fe R is an arbitrary discrete function on {3}, and u = If = Y. F{3)¢™ is the finite
i€f
element function in §™ corresponding to it. We have the following lemma:

Lemma 3.1.
m  N;

(AQ7Af, f)=a() ) Plu,u). (3.2)
i

wel) R g
Proof. From the expression {2.3) of @' we only need to prove
(AP'EL(4)'CLRAS, f) = a(Plu,u) (3.3)
for all Lk, 1=0,1,2,--,m; k=12, ,N. Foranyi e},
au ~I(P E{AL) T CLRUAS), 6}) = a(u, ¢}) — a(I'(A}) " CLR Af, 6)
= a(u, ¢;) — (R'Af)(5) = (Af, I g}) — (R'Af)(s)
=0 (by {2.2}). '

Thus
I(P'EL(4L) T CLR Af) = Py,
ie. {3.3) is proved. From (3.2) we immediately get

. m N piu’u
(AQ7 A4S, f) _ (gfg ) - (3.4)
(A1, 1) a(u, u) '

ot e
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3.2. The Condition Number. We will prove our main theorem through several
lemmas. In the following, €' always represents a constant, and may have different values in
different places.

Lemma 3.2. There is a constant C independent of H and h such that for arbitrary

uE S, ‘
m N

a(z Z Plu, u) < Clm + 1)a{y, u).
lan ka1
Proof.
m N m My
a(ZZPﬁu,u} = Za(zpfcu,u).
im0 k=) {=0 kzzl

From hypothesis A.3 and Lemma 3.2 of [6], we know there is a constant C, and for any
le {031)2;”'5’7}}:

Ny

G(Z Plu, u) = a(i!’if’iu,ﬁu) < a(pfa,}yu) < Cafu, u},
ksl k=1

where C is independent of the diameter of subdomains and mesh size. Sum it up with
respect to I, and the proof will be finished. Thus we have got the upper bound of {3.4}).

Lemma 8.3. If there is a constant C, and for any u € 5™ there is a set of functions
{u, €8 ,1=0,1,2,-- ,mk=12-, N} such that

b= u (3:5)

and
then

The proof of this lemma is just the same as that of Lemma L1 of {5].

We will finish the lower bound estimation of (3.4} by looking for the constant in Lemma
3.3 and the decomposition (3.5).

Lemma 8.4. Let T C R? be a triangular region, with diameter H. After 7 fimes
refinements, we get the triangulation of T. Then , there ezists a constant C independent
of H and j, such that for any finite element function u corresponding to this triangulation
en T, the following inequality holds:

1 .
fulf cor < C- (“ﬁg”uifin{r) +1 - fuffr). : (3.6)

This is a direct deduction of Lemma 3.3 in [4].

e,

e
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Let [ be the linear interpolation operator on vertices of the triangle T. Then!2l, for any
finite element function u In the above,

%f ’ “??T s2- E“lg‘m,r-
From (3.6) we get
s 1
T ufir < Clpliuffagr, + 7lufl.r)
By adding an arbitrary constant and Potncare g ineguality we get
H-uff r sC+ )l o {3.7)

For any u € 8™, we use 'u to represent its interpolation function in §'. Then (3.7

shows
Huff o <C-(1+m=Dulliy 1=0,14,2, -, m (3.8

Since both 7'u and u are zero on the boundary of {1, from Poincare’s inequality, we have
ulff o < 1+ m - il o (3.9)

u is decomposed in the way
umfou—}—z S 1 {3.10)

Let u® = [Py, u! = (I‘ w [ My, 1=1,2,- ! represents the discrete function got
from the res!;rlctlon of u! on (¥, “Uffig represenﬁs Ehe Euclidean norm of o,

Note that v’ vanishes on {F~!, From Poincare’s inequality and Lemma 3.4, on any
triangle 79" € T'~1, we have

3T P <O W s (3.11)

jefinTi-t

To sum on all triangles in T/, we see

[

o'l < Ol o S Cliw'lfia, 1=1,2-,m. (3.12)

[ ]

We will define the decomposition required by Lemma 3.3 by the above {v!, [ =0, 1,2, ---,
m} for any function u € §™,

= oy,
ﬁi& Z UI(") 5'1 lm]‘rz:"':m; fcz“-l,?,"',ivt
iEf-};"‘

where fl;l C ﬁi For fixed 1 € {1,2, --m}, {fli‘l,k = 1,2, -- N;} does not intersect each

other and
Nt

U okt =,

k]

irmaa

[T
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It is obvious that the functions constructed above satisfy ! < 8! and
¥ oy f

m N
o i
U = 2 g g

el k=1

Lemuma 8.5. There exisis a constent O mdependent of H, h and m, such that Jor any
uw & 8", the above decomposition satisfies

i My
{2 2 H
D02 kiR oy <€ (m o 1) ullE (3.13)
=0 k=1
proof. For a fixed term §Eui]§ing,f > 1,
iz Lol
g | Lot = o

E%uifffu =C- (2mﬂth)mz§§“ici§§,n ¢ Z ;01{1),2}

it
hence

DMkl S CIMB <Ol (by (3.12)).
==}
Therefore, the left-hand side of {3.13)

C-(luflla + 3 {130l = € (102, + 2ol =1 )
) =1 I=1

SOAIPulfo+ ) 'uEa <C- Y (14 m-DlW?)L,0 (by (3.9))
i1 [=0

S C-(m+1)2 i .
The lemma has been proved. The idea of this proof is frem {2},
From Lemmas 3.1, 3.2, 3.3 and 3.5, we obtain

Theorem 3.1. There exist constants Cy and C, independent of H and h such that Jor
any u € S™ = 8P the following estimate holds

L]

(305 Pus)

1 {320 k=1
P < 1
m* % - alu, ©) £ Co(m +1),

that is, there is a constant C independent of H and h such that
Cond{Q™14) < C(1 + m)® = C{1 +log, N)2.

Remark 3.1. The hypothesis A.4 was based on the idea that capacities of processors
of the imagined parallel computer are roughly the same. If one of the processors is stronger

L R R R S R e
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than £he rest, the scale of the O-leve] subproblem can be increased properly. In this way, the
mimber of levels 7 will be decreased, and the condition number will be improved.

Remark 8.2. The domain of each level, except the O-Jevel, is decomposed into a number
of subbdomains, which overlap each other slightly. From the proof of the theorem we see the
scales of subproblems do not affect the condition number; therefore they may be arbitrarily
small or large, and should be determined by the concrete computer.

Remark 3.3. If subdomains of I-level to m-level
are selected to contain only one node in its interior.
{As shown in Fig.3, the selection of Q‘i; will assure
the hypothesis A.3. At a fxed point, the number
of overlapping subdomains will be limited by a con-
stant, which only depends on the smallest interior
angle of the initial triangulation.} Then the expres-
sion for Q71 will be

m AL
Q= PG(A?)NRG +ZP1( Z @i ;S):)‘)R:

I .
131 10 63( g Flg. 3
where & is the unit vector corresponding to node 7 in RI?'1. In a PCG step we need only to

solve the subproblem on the O-level domain. The estimate for the condition number is stil]
true

Cond(Q_iA} < C(1+m)?,
where O is independent of H and k.

§4. Numerical Experiment

E
1 %
10 ~*?
10 ~*
0 ¢ + : » step
0 2 4 6 8
Fig. 4. Convergence history in the case of 4 subdomains
1 1 1 1
ir:hmm,o:hm%,o:hzigq:hz-———:o:k&m ’
8 16 32 64 100

R T
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E
13
1
i
16 72
10 4
10 6 . : e Step
0 2 4 6 & 10 12
Fig. 5. Convergence history in the case of 16 subdomains
*: h:l’.; h:}—,O: h:—};,q; h:rmlw,o: hm%}-—
2 18 32 64 100
E
1
10 ~2
10~
10 ¢ ' + 3 " ' —- step
0 3 6 g 12 15 18

Fig. 6. Convergence history in the case of 64 subdomains.

1 hox v ot A= — 01 b=

487 72’ 96

We select the Poisson equation on the unit square region as the mode] problem. Uniform
triangulation and linear continuous elements are used to discretize it. PCG method is used
to solve the finite element equation.

We tested the preconditioner when the number of subdomains are four, sixteen and
sixty-four, respectively; the number of levels is 2, 3 and 4, and the number of subproblems
solved parallelly in a PCG step is 5, 21 and 85. All subdomains are rectangular regions, and

e e TN
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are selected to ensuresthat the scales of subproblems are roughly the same.

The computation results are shown in Figures 4-6. In the figures k is the mesh size,
E is the A-norm of error. From these figures we see that the PCG convergence rate is
independent of the mesh size, and the number of subdomains is reversely proportional to
the rate convergence. All these facts are in keeping with our theoretical analysis.

References

{1] M. Dryja and O. Widlund, An Additive Variant of the Schwarz Alternating Method

for the Case of Many Subregions, Technical Report, No. 339, C. S. Dept. Courant,
December, 1987,

{2] H. Yserentant, On the multi-level eplitting of finite element spaces, Numer. Math., 49,
1986,

[3] W. Hackbush, Multigrid Methods and Applications, Springer, Berlin, 1985.

!4} J. H. Bramble, J. E. Pasciak and A. H. Schaz, The construction of preconditioners for
elliptic problems by substructuring I, Math. Comp., 47, 1986.

[5] P. L. Lions, On the Schwarz Alternating Method I, in R. Glowinski, G. H. Golub, G..
Meurant, eds., Domain Decomposition Methods for Partial Differential Equations, SIAM,
Philadelphia, 1988.

[6] Zhang Sheng, Domain Decomposition with Overlapping and PCG Method.



