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ANALYSIS OF FINITE ELEMENT DOMAIN EMBEDDING
METHODS FOR CURVED DOMAINS USING UNIFORM GRIDS*

SHENG ZHANGH

Abstract. We analyze the error of a finite element domain embedding method for elliptic
equations on a domain w with curved boundary. The domain is embedded in a rectangle R on which
uniform mesh and linear continuous elements are employed. The numerical scheme is based on an
extension of the differential equation from w to R by regularization with a small parameter ¢ (for
Neumann and Robin problems), or penalty with a large parameter ¢~ (for the Dirichlet problem),
or a mixture of these (for a mixed boundary value problem). For Neumann and Robin problems,
we prove that when € < h (the mesh size), the error in the H'(w) norm is of the optimal order
O(h). For the Dirichlet problem, when ¢ < hl/2, the error is @(hl/2) that is not optimal. If the
mesh is adjusted around Ow to fit it, then the optimal convergence rate O(h) holds for the Dirichlet
problem if w is convex and € < h. If w is not convex, then the convergence rate can only be improved
to O(h2/3) by such mesh adjustment, with the parameter being ¢ = h2/3. In this latter case, a
parameter smaller than h2/3 thwarts the convergence rate, which is verified by a numerical result.
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1. Introduction. Inrecent years, domain embedding, or fictitious domain, meth-
ods have developed into a general methodology of the numerical computations of
partial differential equations that has the advantage of efficiently dealing with com-
plex domain boundaries by using uniform, or slightly adjusted, grids on a larger
rectangular domain [11]. For a second order elliptic boundary value problem on a
complicated domain, the ultimate goal of domain embedding methods is to quickly
obtain an accurate numerical solution by mainly solving the Poisson equation on uni-
form meshes on a rectangle by fast solvers, through, say, preconditioned iterations.
A first step in these methods is to extend the boundary value problem to a larger
rectangle. There are many ways to do this, one of which is using regularization for
Neumann or Robin problem, or penalty for Dirichlet problem, or a combination of
these for a mixed boundary value problem [14, 15, 17, 23]. A more general approach,
including some additional treatments on the original domain boundary, can be found
in [2]. This step results in an extended boundary value problem on the rectangle
with large jumps in the coeflicients of the differential equation. A finite element do-
main embedding method then is obtained as a straightforward discretization of the
extended equation on a uniform mesh on the rectangle. The error of the finite domain
embedding method has two sources. One is due to the replacement of the original
problem by the one on the larger rectangular domain. This has been analyzed by
many authors, and in [23, 24] the sharp estimates on the regularization/penalty error
can be found. The other is due to the discretization of the extended equation, which
seems not to have been completely understood. In the literature, there are numerous
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works devoted to this subject. In [17], a thorough analysis is presented under the
assumption that the original domain boundary aligns with the uniform mesh. This
assumption seems to be a stringent restriction on the arbitrariness of the domain.
For example, the domain boundary cannot be smoothly curved. The regularity of the
solution and the alignment of the domain boundary with the uniform mesh required
in this analysis are often not compatible. Furthermore, the results of [17] are actually
not valid for general curved domains for Dirichlet problems. In [14, 15], an analysis
for the Neumann problem can be found, which did not impose such restriction on the
domain. But the error estimates established there are not sharp enough. A difficulty
in this kind of error analysis for curved and complex domains is that the solution of
the extended equation is not globally smooth. It has jumps in its normal derivative
across the original domain boundary that inevitably cuts through some element if the
mesh is uniform. In this paper, we present an analysis on such discretization errors
for various boundary value problems. We first establish the estimates under the mere
assumption that the original domain is Lipschitz. We then assume the domain bound-
ary is smoothly curved, and we establish sharp estimates and use the aforementioned
regularization/penalty error estimate to determine the balance between the mesh size
and the regularization/penalty parameter such that the overall accuracy of the fi-
nite element domain embedding method is optimized [20, 19]. We shall see that the
balance is rather delicate in some cases.

While the primary objective of this paper is analyzing the accuracy of the fi-
nite element domain embedding methods, there is, however, an important question
that must be addressed before the methods can be claimed competitive. A domain
embedding finite element method results in a discrete system that involves large or
small parameters. The question is whether the fast Poisson solver can effectively
precondition such a system so that a preconditioned iterative method could converge
uniformly with respect to both the finite element mesh sizes and the large/small pa-
rameters. While the uniformity of such convergence with respect to the mesh sizes
is obvious, the uniformity with respect to the parameters is by no means trivial. We
shall not go into details with this issue, but refer to [5] for a strategy to resolve this.
This strategy suggests to start the preconditioned iteration with some special initial
vectors such that the whole process of the iteration is confined in a subspace in which
the parameters have no effect. In our case, we need to choose initial vectors that are
zero on the finite element nodes outside the original domain.

In view of the preconditioning, a slight distortion of the uniform mesh is accept-
able, as long as the discrete Laplacian on the distorted mesh is spectrally equivalent
to that on the uniform mesh. It turns out that no such adjustment is needed for
Neumann or Robin problems, since the full accuracy is already achieved by uniform
meshes. But for the Dirichlet problem, due to a locking phenomena, the accuracy
offered by uniform meshes is rather poor. A slight adjustment of the uniform mesh
around the original domain boundary by moving the nearby nodes onto the boundary
efficiently reduces the locking effect and renders the full accuracy to the domain em-
bedding finite element method when the domain is convex, or significantly improves
the accuracy when the domain is not convex around the concave portion of accuracy.

For simplicity, we only present the results for the Poisson equation defined on
a two-dimensional domain and for linear continuous finite elements. The results of
this paper are, however, valid for general self-adjoint second order elliptic equations.
Similar results can be derived for finite elements of higher orders. The theory is
also possible to extend to some higher order equations like those of clamped and free
(but not simply supported) plates. In the remainder of this introduction, we briefly
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summarize our results and compare them with existing results in the literature.
Let w C R? be a bounded connected domain such that its boundary I is of C?
class [13]. For a given function f € L?(w), we consider the boundary value problem

—Au=f in w

subject to the homogeneous Dirichlet boundary condition © = 0 on I'; or the homo-
geneous Neumann condition du/0n = 0, with n being the unit outward normal of
I; or a Robin condition ku + du/0n = 0, with k being a smooth, bounded, and a
strictly positive function on I'; or a mixed boundary condition. The homogeneity is
not a real restriction for Neumann and Robin conditions. A nonhomogeneous Dirich-
let condition could be reduced to a homogeneous one by defining a function satisfying
the boundary condition and subtracting it from w.

The finite element domain embedding method is based on an approximation to u
obtained by solving an e-dependent boundary value problem on a larger rectangular
domain R C R? such that w C R. The formulation of the problem on R depends on
the boundary condition in the original problem. The finite element domain embedding
method is then a straightforward discretization of the extended one on R with mesh
size h. We shall assume that w CC R. Then the boundary condition on OR is at
one’s disposal. We impose the homogeneous Dirichlet condition. However, Neumann,
Robin, mixed, or a periodical boundary condition on OR works equally well. (If
ORNT # 0, the condition on AR must be subject to some restrictions [24].) We let
) = R\ @ be the fictitious domain, and we extend the function f to a function f on
R by defining f = 0 on Q. Henceforth, we shall use the notation P < Q, which means
that there exists a constant C independent of P, Q, €, and h such that P < CQ.
The notation P ~ Q means P < Q and @ < P. We use H*(D) to denote the L2-
based Sobolev space of order s on a domain D, in which the norm and semi-norm are
denoted by || - ||s.p and | - |s.p, respectively. In particular, the L? norm is denoted by
I llo,o or [+ lo,p-

We start with the Neumann problem of which the weak formulation seeks u €
H'(w)/R such that

(1.1) (VU, VU)[Lz(w)]Q = / fvde Yove Hl(w).

Here V is the gradient operator, and the parentheses stand for the inner products
in Hilbert spaces indicated by the subscripts. This problem is well posed under
the assumption that [ fdz = 0. For ¢ > 0, we determine that u¢ € Hg(R) by a
regularization such that

(1.2) (VUE, V’U)[Lz(w)]g + e(Vuf, V’U)[L2(Q)]2 = / fvd:v Voe Hé(R)
R

This is an elliptic problem that yields a unique u¢ € Hg(R). As e — 0, u¢ converges
to a limit u® € H}(R) at the sharp rate of € as long as w is a Lipschitz domain (which
is assured by our assumption on T'). The limit u° is harmonic on Q, and u|,, solves
the Neumann problem (1.1). The equivalent estimate [24]

[|uf — UOHLR ~ |uf — uO|1,oJ ~ ¢

holds with the rare exception that u¢ = «°, which occurs if and only if u° = 0 on T,
i.e., a solution of the homogeneous Neumann problem also satisfies the homogeneous
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Fic. 1. A domain w embedded in a rectangle R with a uniform triangulation (left), and a
triangulation adjusted around I (right).

Dirichlet condition on I'. Incidentally, this is also equivalent to u® € H2(R). In this
case, we can take e = 1 in (1.2), and the Poisson equation on R produces the exact
solution of the original equation on w. Except for this special case, we do not have
u® € H?(R), since there is a jump in its normal derivative across I'.

We introduce a uniform triangulation of mesh size h on R; see Figure 1 (left),
and let H, C HE(R) be the subspace of piecewise linear continuous functions sub-
ordinate to this triangulation. The finite element domain embedding method is a
straightforward discretization of (1.2). It determines u§ € Hj, such that

(1.3) (VUZ, V'Uh)[L2(w)]2 + e(Vu;, vvh)[LQ(Q)]Q = / fvhda: Voe oy,
R

Then the restriction of uj, on w is the numerical solution offered by the finite domain
embedding method. We prove that

lu, —u°|1, S e+ inf (|u0 — 1w + Velu® — vpl1,0) -
vp€Hp

This estimate is valid as long as w is a Lipschitz domain. When I' € C?, we have
the piecewise smoothness property of u® such that u°|, € H*(w) and u°|q € H?(Q).
Using this regularity, we construct an interpolation vy, of u° such that |u0 1w Sh
and [u® — vy]1.0 < Vh; thus to prove that

(1.4) lug, — |10 S e+h+ Veh.

From this we see that when € < h, we have a domain embedding finite element method
that achieves the full accuracy of linear continuous finite elements with an error of
O(h). This result is better than that of [14, 15], in which an estimate of the form
Ve+h+/€, instead of that in (1.4), was established. They, therefore, require € = Ch?
to achieve the full accuracy. Taking smaller € does not hurt the accuracy of the finite
element domain embedding methods. From a computational point of view, one would
like to avoid very small e. In this sense, ¢ = C'h seems the best choice.

The piecewise smoothness of u? is a consequence of the assumption that I' € C?
and f € L?(w) [13]. Tt is not valid when w is a polygon, since either u°|, € H?(w) or
ullq € H%(Q) will be broken, depending on the convexity of w. However, when w is
convex and I' aligns with the mesh line, as assumed in [17], the result (1.4) remains
valid, which needs a different argument.

If we fix h and let € — 0, we have u§, — u) € Hy,. The restriction of the limit u)
on w is identical to the solution given by a method proposed by Friedrichs and Keller
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in 1966 [12], of which an analogue for the Robin problem (see below) was used in the
1980s by the Boeing program tranair to circumvent the mesh generation problem
around a complete aircraft and was also included in the software freefem3d [11].
The positive value of € renders to the equation (1.3) the advantages of better data
structure and faster resolution by using fast Poisson solvers on the rectangle R as
preconditioners. This method also offers an alternative of dealing with the singularity
of a discretized Neumann problem. See [6], where a survey of such various techniques
can be found.
The weak formulation of the Robin problem seeks u € H!(w) such that

(1.5) (Vu, Vo)ir2w)2 + (ku,v) 2y = / fodz Vv e HY(w).

This equation can be extended to R in the following way. We determine u¢ € Hg(R)
such that

(1.6) (Vus, V)22 + (ku,v) 2y + e(Vus, Vo) 2 Q)2 = / fvdx Y v e Hi(R).
R

This, once again, is a well-defined problem on R, and lim. o u¢ = u® € H}(R). The
limit ©° is harmonic on €2, and u°|, solves the Robin problem (1.5). The equivalent
estimate

(1.7) Juf = w1,/ = [Ju® — vt + [[u —uflor ~ €

holds as long as w is Lipschitz [24]. There is an exception to the equivalent estimate
(1.7) in which u¢ = u°. This happens if and only if u® = 0 on T'. This is the only case
in which u® € H?(R). Otherwise, u" has only the piecewise smoothness as for the
Neumann problem. The finite element domain embedding method that determines
us, € Hj, is a straightforward discretization of (1.6) on a uniform mesh. Using the
very same argument as for Neumann problem, we obtain that

< e+h+ Veh.

~

s, — w1

The weak formulation of the Dirichlet problem seeks u € Hg(w) such that

(Vu,Vv)[LZ(w)]z = / fvdr Ywve H&(w)

If w is simply connected, then, on the continuous level, the domain embedding method
determines u¢ € H}(R) such that

(1.8) (Vu, VU)[Lz(w)]z + 6_1(Vu€, VU)[Lz(Q)]z = / fvda: Voe Hé(R)
R

We have that lim._ou® = u® € H}(R), that the limit is characterized by u°|, = u
and u®|q = 0, and that the equivalent estimate

(1.9) lu® = u®ll1.r = [Ju|li0 > €

holds, under the assumption that € is Lipschitz [24]. (This is true since we have
assumed I' € C? and w CC R; it is also true when, for example, a L-shaped polygon
is tightly embedded in a rectangle. It, however, is not true when a circular domain
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is tightly embedded in a square.) Furthermore, if we let u' € H}(R) be the unique
function determined by Au' = 0 in w, and let

(1.10) (Vu', Vo) 122 = / fodz — (Vu, Vo) r2(yz Vv € H(R).

w
Then we have
(1.11) lu€ —u® — eut||y g €.
An exception to (1.9) and (1.11) is that u¢ = u® and u! = 0. This occurs if and only
if u also satisfies the homogeneous Neumann condition on I'. This is equivalent to,
say, u® € H?(R). Except for this special case, we do not have u® € H?(R), since the

normal derivative of u? is not continuous across I
The finite element domain embedding method determines uj, € Hj, such that

(1.12) (Vu,i,Vvh)[LZ(w”z + e_l(Vu;,Vvh)[p(Q)]z = / fvhdx Vove Hy,.
R
We prove that

(1.13)  luj, —u

Lo Set ot (el = vplle + Vellu' = vilh.0)
v, €Hp

1
+ inf u® — v + —|v? .
e (1 = oo + 2t

We construct a v to interpolate u! in the same way as interpolating «° in a Neumann
problem and bound the above second term by e v/h + hy/€. Our assumption of T' €
C? and f € L?(w) assures us that u = u°|, € H?*(w) N H}(w). We construct an
interpolation v} in such a way that it is zero on any open triangular element that is
not entirely contained in w. This makes |[v)]1.0 = 0 and |[u® — v)||;., < Vh. The
above third term is then bounded by vk, which is a sharp estimate. We thus have

<e+eVh+hy/e+Vh.

~

(1.14) [, — ull1e

So the accuracy of the finite element domain embedding method is limited by (’)(\/E),
which is assured when € < v/h. The rather low order of accuracy is a kind of locking
phenomena that is not unusual in the numerical computation of equations involving
large parameters, like the Reissner-Mindlin plate and nearly incompressible elasticity
[3].

The accuracy of the finite element domain embedding method for Dirichlet prob-
lem can be significantly improved by a slight adjustment of the nodes around I". One
can move the nearby nodes onto I' and reconnect some of the affected nodes such that
no mesh-line segment has one end in w and the other in 2. This way, a polygonal
interpolation of I' will be formed in the mesh; see Figure 1 (right). This can be done
by using Borger’s algorithm [7] that results in a triangulation that is quasi uniform
and shape regular, on which the discrete Laplacian is spectrally equivalent to that
on the uniform mesh. On the adjusted triangulation, we then construct v9 by simply
interpolating u” at all of the nodes. When w is convex, we have ||u® — o9 |1, < h; see
[10], and [[v)]|1, = 0 in (1.13). Thus, to obtain the estimate

(1.15) us, — ull1 0 < e+eVh+ hy/e+ h.
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F1c. 2. A nonconver w embedded in the unit square with adjusted mesh around its boundary
(left), and the dependence of the error on ¢ and h (right).

So when € < h the error of the finite element domain embedding method in the H!(w)
norm is of the optimal order O(h). If w is not convex, we still have [[u® —v?[]; o, < h.
However, [|v}||1,o is no longer zero, but it is bounded by O(h). The error estimate
becomes
h
(1.16) fuf, — ull1w S e+evVh+hy/e+h+—.
NG

This estimate is also sharp. The dependence of the error of a finite element domain
embedding method on h and € is rather complicated. From the above estimate we
see that if we take e = Ch?/3, the domain embedding finite element method has
the error estimate O(h?/3) in H'(w) norm. It is interesting to note that, in this
case, a smaller € thwarts the convergence rate. This should be compared with the
Neumann problem and the Dirichlet problem on convex domains, in which smaller
€ does not improve but does not hurt the convergence rate of the finite element
domain embedding method either. To confirm this observation, we include a numerical
example here. We choose R to be the unit square (0,1) x (0,1) on the xy-plane, in
which w is the curvilinear triangle under the curved diagonal y = z(x+2)/3, which is
not convex. The exact solution of the Dirichlet problem with a homogeneous boundary
condition is u(x,y) = [3y — z(z + 2)]y(z — 1). We first divide R by a uniform mesh
of mesh size h, and then we move some nodes near the curved boundary of w onto
it to form the adjusted mesh; see Figure 2 (left), in which A = 1/3. On this mesh,
we perform the computation with the method (1.12). Figure 2 (right) shows the
dependence of |u — u§|i. on € for h = 1/3, 1/5, and 1/10, respectively. It clearly
shows that there is an optimal value of e for each h, which decreases with h, and
smaller e thwarts the accuracy.

In conclusion, a slight adjustment of the finite element mesh to accommodate I’
appears to be worthwhile for the Dirichlet problem, which enhances the convergence
rate from VA to h if w is convex, and from vk to h?/3 if w is not convex.

It is important to note that the discrete system (1.12) based on such adjusted mesh
can be efficiently preconditioned by using the discrete Laplacian on the uniform mesh
with the preconditioned iteration initiated with a vector of zero entries corresponding
to nodes in R\ w [7, 5]. If one wishes to achieve full accuracy for nonconvex w, then
the mesh could be refined around the concave portion of I'. A local mesh size O(h!%)
would lead to the full accuracy of the order O(h) of the domain embedding finite
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element method in which € = Ch. This refinement is needed only around the concave
portion of the boundary of w. See [18] for such an example.

If w is polygonal and T aligns with the finite element mesh, then if u°|, € H?(w)
(which is true when w is a convex polygon, but is only an assumption otherwise),
we construct v and v} by nodal interpolation to u® and u' in (1.13) to obtain the
estimate

(1.17) us, — ull10 < e+ evVh+Veh+ h.

Here we have used the fact that u'|, € H®(w) and u'lq € H**(Q) [16]. Thus
when € < h, one has a domain embedding finite element method that has the optimal
accuracy of O(h). This was mentioned in [17], where a rigorous analysis was presented
for the Neumann problem under this alignment assumption.

If w is not simply connected, a term like e =1 (u€, v)12(0) needs to be added to the
left-hand side of (1.8). Then the estimate (1.9) holds, and u°|, = u regardless of
the connectivity of w. Actually, in case that w is multiply connected, adding a term
of the form e !(u,v)2(qoy in the left-hand side of (1.8) is sufficient to guarantee
the validity of the domain embedding method on the continuous level. Here Q0 is
the union of the isolated components of 2. The finite element domain embedding
methods should then be based on such a modification of (1.8).

Finally, we make some remarks on the mixed boundary value problem. To make
the presentation sufficiently general, we assume that I' is split into three parts such
that ' =Tp ULy UTg, and on I'p, I'y, and I'g, homogeneous Dirichlet, Neumann,
and Robin conditions are imposed, respectively. Corresponding to this splitting, we
divide € into three parts such that Q = Qp UQNUQR, and 0QpNT =T p, 0QyNT =
Ty, and 00z NT = I'p. The weak formulation of the mixed problem determines
u € H}(w) (that is, the space of H'(w) functions that vanish on I'p) such that

(1.18) (Vu, Vo) 12wy + (ku, v) 20y = / fvdr ¥ v e Hp(w).

On the continuous level, the domain embedding method determines that u¢ € Hi(R)
such that

(1.19) (Vue, Vv)[Lz(w)]z + (kue, ’U)Lz(pR)
+ e (Vu, Vo) 2 @p)2 + €(VU, Vo) 12 vany = / fvdx ¥ v e HY(R).
R
When € — 0, u¢ converges to a limit u° € Hg(R). The limit satisfies (1) u%|, solves
(1.18) (assuming w is simply connected), (2) u® = 0 on Qp, and (3) u° is harmonic

on Qn and Qz. Under the assumption that both Qp and w UT'p UQp are Lipschitz
domains, the equivalent estimate

(1.20) [ — w17 = [Ju® = u®ll1 0 + [[ul1,0, ~ €

holds, with the exception that u¢ = u°, which occurs when and only when u® € H?(R)
[23]. The finite element domain embedding method then is again a straightforward
discretization of (1.18) that determines uj, € Hj, such that

(1.21) (Vuy, VUh)[L2(w)]2 + (kuz,vh)Lz(pR)

+ 6_1(Vu27vvh)[L2(QD)]2 + e(Vuy, vvh)[Lz(Q\ﬁD)]Q = / f_vhdac Y vp, € Hp,.
R
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The convergence rate estimates on ||u® —ug||1 ., can be obtained under some regularity
assumption on the solution of the original problem (1.18), which is not guaranteed by
our assumptions on I' and f. For uniform meshes, I'p generally cuts through some
elements, and the ends of I'p lie in the interior of some elements; the rate is only
bounded by vA. By moving nearby nodes onto I'p and its ends, and reconnecting
some mesh lines, as for the Dirichlet problem, we can improve the convergence rate
to O(h) or O(h?*/?), depending on the convexity of I'p with respect to w. As for
Neumann and Robin problems, no treatment is needed to accommodate I'y or I'g.

The paper is organized as follows. In section 2, as a preparation, we derive some
estimates on the finite element interpolation error on a strip around I' that cuts
through some elements. We also include a result about the e-dependent variational
problem, which is a cornerstone in estimating the regularization/penalty error. This
result is also needed in the discretization error estimate for the Dirichlet problem. In
section 3, we estimate the error of the finite element domain embedding methods for
Neumann and Dirichlet problems, and we determine the balance between the value of
the regularization/penalty parameter and the finite element mesh size. Since no new
technique is needed for the Robin problem and the mixed problem, we shall not go
into details to prove the results mentioned above.

2. Technical preliminaries. We need to estimate the error of piecewise linear
interpolation to functions whose restriction on both w and Q are in H?2, but the func-
tions themselves do not belong to H2(R). Their normal derivatives are not continuous
across the curve I'; and T" cuts through some of the triangular elements. For this pur-
pose we need to estimate the H' norms on thin strips of piecewise H? functions and
their finite element interpolations. The following lemmas will be used in the next
section.

Let y = v(z) be a C? function on [0, L]. We consider a strip domain ~s that is
bounded by x = 0, z = L, y = v(x), and y = v(x) + 8; see Figure 3. We assume
that D is a given domain such that vs CC D. We have the following estimates on
functions restricted on ~s.

LEMMA 2.1. Let w € HY(D). Then we have that

[wll72 () < CBlwIIE p-

Here, C is a constant independent of 6 and w.
Proof. In terms of the curvilinear coordinates X = z,Y = y — vy(z), we have

that |lwl]lg ., ~ f(f fOL w?dXdY. For each Y € (0,6), by a trace theorem [1], we

have that fOL w?dX < Cllw|| p. The constant C' can be chosen to be independent, of
Y. Integrating this estimate, with respect to Y from 0 to 8, gives the desired esti-
mate. a

From this result, the following lemma easily follows.

F1a. 3. A strip vs with a cluster of shape regular triangles.
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LEMMA 2.2. Let w € H*(D). Then we have that
lwll3 5, < C8llwll3 p-

Here, C is independent of 6 and w.

LEMMA 2.3. Let Ts5 be the set of a cluster of shape regular, but not necessarily
quasi uniform, open triangles contained in s, and suppose that any point in s can
only be covered by at most a certain number of triangles in Ts. Let w € H*(D). For
each T € Tg, we let Iw be the linear interpolation of w on the vertices of T. Then we
have that

> it < C8ljwll3 b
T€ETs

Here, C is a constant independent of 6 and w.

Proof. Let 7 € 75 be one such triangle. We affine map it onto a standard reference
triangle T' of unit size through the mapping F,. The restriction on 7 of a function
w € H?*(D) is mapped to a function @ on T such that wo F, = w. Let I be the linear
interpolation operator on the vertices of T'. For any constant py, we have that

[Lwlf, = I (w = po)i, < CH (b —po)f 7 < Cllww = poll7<(ry < Clli = pol37-
Thus, by the Bramble-Hilbert Lemma
[Lwli - < Clwlf r + @3 7).
Scaling the right-hand side back from T to 7, we get that
[Lwli - < C(lwlf , + A wl3 ;).

Here h. is the diameter of 7, which does not exceed 6. Summing up the above
inequality for all triangles in the cluster 75, we get that

Dol <O Yl +08 ) |wl3 . < Clulf,, + C&wl3 .
T€Ts T€Ts T€Ts

In the last step, we used the assumption that any point in s can only be covered
by at most a certain number of triangles in 75. The desired result follows from Lem-
ma 2.2. 0

We shall apply these estimates to strips that can be covered by a finite number
of (translated and rotated) strips as defined here. The strips of width é referred to in
the later sections are understood in this sense.

As we mentioned in the introduction, there are two sources of errors in the finite
element domain embedding methods. The first one is due to the extension of the
original boundary value problem from w to R. The sharp estimates on this kind of
error can be obtained by using the following equivalent estimates on an abstract e-
dependent equation. This estimate will also be directly used in estimating the finite
element interpolation error for the Dirichlet problem in the next section.

Let H, U, and V be Hilbert spaces, A : H — U be a bounded linear operator,
and let B: H — V be a bounded linear operator with closed range. We assume that

(2.1) |Av||v + | Bv|lv ~ ||v|lg Vv € H.
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Thus the bilinear form
(u,v)y = (Au, Av)y + (Bu, Bv)y

defines an equivalent inner product on H. Furnished with this new inner product, the
space H will be denoted by H. Let ker B C H be the kernel of the operator B. Let
f be a linear continuous functional on H such that f|xer 5 = 0. There is a unique
u® € H such that

(2.2) e(Auf, Av)y + (Bu‘, Bv)y = (f,v) Vv € H.

Without loss of generality, we assume that the operator B maps H onto V. (If
necessary, we replace V' by the range of B in it.) Then B is an isomorphism between
(ker B)#; (the orthogonal complement of ker B with respect to the H-norm) and V.
Since we have assumed that f|ker 5 = 0, according the the closed range theorem and
the Riesz representation theorem, there exists a unique u° € (ker B)3; such that

(2.3) (Bu®, Bv)y = (f,v) Yv e H.

LEMMA 2.4. Under the assumptions that flxer 5 = 0 and B has a closed range
inV as e — 0, ut, the solution of (2.2) converges to the limit u® € (ker B)3; defined
by (2.3), and we have the equivalence estimate

(2.4) lu = u®ll > || B(uf — u®)|ly ~ e[ Au’y.

Therefore, if Au® =0, then u¢ = u®. Otherwise u¢ converges to u’ at the sharp rate

of €.
Proof. From (2.2) and (2.3), we see that

(2.5) e(A(u —u), Av)y + (B(uf — u°), Bv)y = — e(Au’, Av)y Yo € H.
Taking v = u® — u®, we get that
(2.6) ellA(u® —u”)[[f + [Bu — u)[[} = — e(Au’, A(u — u’))o.

It is easy to see that u€ lies in the subspace (ker B)s;. So does u¢ — u°. Because B
is an isomorphism between (ker B)3; and V, we have that

(2.7) [A(u —u) v S uf —u®|lr = | B(u —u’)|v.
By the Cauchy—Schwarz inequality, there exists a constant C such that
1
[ e(Au, A(u —u?))y| < C e Aulllf; + S [ B(w — u”)[7
This estimate and the equation (2.6) show that
(2.8) 1B — u’)llv < el Au].

The equivalence (2.1) and (2.7) then lead to ||u¢ — u®||y < €| Au’|y.
To see the lower bound, in (2.5) we take v = u to get

e(A(u —u?), Au®)y + (B(u® — u®), Bu®)y = —€||Au’||%.
If Au® # 0, then

Bu’
elaulls £ el — )l + ol 1B - a)lv S 1B - ).

The equivalence (2.4) then follows. O
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3. Analysis of domain embedding methods. In this section, we derive the
error estimates for the finite element domain embedding methods for various boundary
conditions, as described in the Introduction. The main issues appear in Neumann
and Dirichlet boundary value problems. In subsection 3.1, we analyze the Neumann
problem and assume that the grid on R is uniform. However, all of the results hold for
shape regular triangulations. We analyze the Dirichlet problem with uniform mesh
in subsection 3.2. The results of this subsection motivate mesh adjustment around I"
for the Dirichlet problem, to which we devote subsection 3.4.

3.1. Neumann boundary condition. We first consider the Neumann prob-
lem. Let w C R? be a bounded domain whose boundary I is in the C? class. Let
f € L*(w). We seek a function u on w solving the homogeneous Neumann problem
whose weak formulation seeks u € H'(w)/R such that

(3.1) (Vu, Vo)r2w)2 = / fvdx Vv e HY(w).

We assume that fw f(x)dx = 0, so that this is well posed in the quotient space
HY(w)/R.

Let R C R? be a larger rectangular domain such that w CC R. Let Q = R\ @
be the fictitious domain. We extend the function f to a function f on R by defining
f = 0o0n Q. The first step in the finite element domain embedding method is replacing
(3.1) by the following problem defined on the rectangle R. For € > 0, one determines

u€ € H}(R) such that
(32) (Vue, VU)[L2(w)]2 + e(Vue, VU)[L2(Q)]2 = / f’Ud:L’ Voe H&(R)
R

This equation fits in the form of (2.2) in an obvious manner. The condition that B has
closed range is assured as long as w is a Lipschitz domain. All of the other conditions
of Lemma 2.4 are also satisfied; see [24] for details. We have that lim._ou¢ = u'.

The limit u® € H}(R) is characterized by the following two equations:
(3.3) (VUO,VU)[Lz(w)]z = / fudr Y ve HY (w),

i.e., the restriction of 4" on w solves the Neumann problem (3.1), and
O
(3.4) A’ =0in Q <“,1

=0.
on~ >H1/2(F)><H1/2(F)

Here n~ is the outward normal to I" viewed as a boundary of 2. By Lemma 2.4 we
have that

(3.5) lu = w0l = Ju — w0 = € |u]1 0

It is easy to see that |u®|; o = 0 if and only if u® = 0 on T, in which case u¢ = u°.

This is the exceptional case in which u® € H?(R). Generally, u° is only piecewise
smooth, with a normal derivative jump across I'.

We introduce a uniform triangulation of mesh size h on R; see Figure 1 (left),
and let H;, C HJ(R) be the subspace of piecewise linear continuous functions sub-
ordinate to this triangulation. The finite element domain embedding method is a
straightforward discretization of (1.2). It determines uj, € Hj such that

(3.6) (Vu;, VUh)[L2(w)]2 + G(Vu;” Vi}h)[Lz(Q)]z = / fvhda: Voe Hh.
R
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The numerical approximation of the solution of (3.1) offered by the finite element
domain embedding method is the restriction of uj, on w. We have the following
theorem.

THEOREM 3.1. Let u® € HY(R) be the limit of u¢ that is determined by the
domain embedding equation (3.2). Then u®|, solves the Neumann problem (3.1). Let
u§, € Hy, be the solution of the finite element domain embedding equation (3.6). We
have the following estimate on the difference between uj|, and u®l,:

(3.7) uf, —u’|1w < Celulli o+ C inf (Ju® —vpliw + Velu’ —vplia).
vh EHp
Here, C is a constant independent of h, €, and f.
Proof. Since uj, is the projection of u€ in the subspace H), with respect to the inner
product defined by the bilinear form in the left-hand side of the domain embedding
equation (3.2), we have that

[u€ — uf, |10 + Velu —uf |10 < Juf —vpliw + VeluS —onlia Von € Hy.
Thus by (3.5)

[u® = uf 1w < Ju® —uflyw + [uf = uf 1w
<elully g+ |ut — vpl1w + Velut —vnl1a
<eluf)r,0+|u® — vpl1w + [uf — w0 W + Ve[ul — vpli 0 + Velut — ulli o
< (26+63/2)|u0|1,§2 + ‘UO — Uh|1,w + \ﬁ|u0 — 'Uh|1,Q Vv, € Hy,.

The estimate thus follows. O

This theorem is valid as long as w is Lipschitz. Based on this result, we can
establish the following error estimate on the finite element domain embedding method
for the Neumann problem under our assumptions that I' € C? and f € L?(w). Under
these assumptions, by the regularity of elliptic differential equation [13], we have that
u®, € H?*(w) and ||u®)|2.w < || fllo.w- Since u®|q is harmonic and it shares the value
with u%|,, on I', we have that [|[u®||2.0 < [|ulll15r < [Ju®ll2w S Ifllo.w- We can extend
u®], to R; see [21], to obtain a function @’ € H?(R) such that @°|, = u°|, and
la°)|2,r < [Ju®]l2,w- Similarly, we extend u’|g to R to obtain a function u® € H?(R)
such that u%)q = u%q and |[u°||2.r < ||u°|l2.0. Note that @°|q # u°|q, u°|. # u°|.,
andﬁozgozuo on I a a

THEOREM 3.2. Under the assumption that T € C? and f € L?(w), there is a
positive constant C' that is independent of €, h, and f such that the following error
estimate of the finite element domain embedding method for the Neumann problems

holds:

(3.8) uf, — w10 < O(e+h+veh) 1/ 1l0.-

Before proving this theorem, we introduce some notations to describe triangles,
vertices, and their relative relations with I". Let 7 be the set of all the open triangular
elements of the finite element partition of R. We divide 7 into three distinctive subsets
such that 7 = 7, U7 U 7g, and

Tr={reT;rNT #0}, T, ={reT;7rCuw}, and To ={r € T;7 C Q}.

Among the triangles of 7,,, we let 7.0 be the subset of those that share a vertex with
some triangle in 7p, and we define 73 as a subset of Tq similarly. See Figure 4 in
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0 0
0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 o 0 ol /
o/ 10/]0 o 10/ o1 N7
0 0 0 0 oL A
1 1 1 1 1 1 - 1
1 1 1 1 1 1 1 1
j 1 1 1 1 1 1 1 1
1 1 1 1| /1 1 1
Q

Fic. 4. A portion of uniform mesh around T'.

which triangles in 7r are shaded, those in 7 are marked by 0, and those in 7 are
marked by 1.

With a slight abuse of notations, we shall also use 7r to denote the domain formed
by the union of all triangles in 7r, which is the interior of Ure7.7. We use 7, 7, Tq,
70, and 73 in the same way. Thus 7 = R, and w C 7, U Tr, etc.

Let V be the set of all the vertices in R of the triangulation. We divide V into
three distinctive subsets such that V =1, U Vr U Vg, in which

Vr = {v € V;v is a vertex of a triangle of 7r, or v € T'},
V, ={v € V;v €w, and v is not a vertex in Vr},
Vo ={veV;veQ, and v is not a vertex in Vr}.
Note that 71 could be empty, for example, when I' is straight and aligns with the
triangulation, in which case Vr is composed of nodes on I'. We let
VW ={v e V,; vis a vertex of a triangle in 7"},
V& = {v € Vq; v is a vertex of a triangle in 7 }.

Proof of Theorem 3.2. What we need to do is to construct a finite element
interpolation v, € Hp to u® such that [u® — vpl1, < h and |u® —vpli0 S Vh.
We define vy, by requiring vy, (v) = 4°(v) for v € V, U Vr, and v,(v) = u®(v) for
v € Vq. Note that the defined interpolation interpolates u® on all of the vertices

except those in Vr N Q). By the standard argument of finite element interpolation, we
have that

lvp, =@}, < CR|°)3, V7T, UTr.
Summing up these estimates, we get that
lon — @[} wur < CRE°f3 Lug. < CR2[E)3 R < CR2[W’f3, < CR?| ff5 .-
Thus
(3.9) o =l = lon —@°} , < CR®| 5
By the standard argument of finite element interpolation, we have that

lop, =}, < CRPWO3, V7 eTo\Ty.
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Summing up, we get that

(3.10) jon, — "} < CR*[u’f3 o < C?|£1[§ -

1,70\T},

The remaining part of €, i.e., 73 U (2N 7Tr), is covered by a strip of width O(h),
which meets the definition of a s of section 2, with 6 = O(h). Thus, according to
Lemma 2.2, we have that

(3.11) W 1oy < ChIC 3.5 < CRIFIR..

We are left with estimating |vp, We consider this separately on QN 7p

|iTﬂlu(QmTp)'
and 7. We see that [va|] gz < |vnl3 4. Since vy interpolates @ at every vertex of
triangles in 71, which itself is a cluster of shape regular triangles contained in a strip
of width O(h), by Lemma 2.3, we have that |vp|7 7. < Chl|a°||3 . Thus

(3.12) onlf oz < CRIIE°|5 5 < CRIIFIE .-

To estimate [vp|? T, We introduce an auxiliary interpolation IT1u that interpo-

lates u® on every vertex of triangles in Z3. Since 7 is composed of a cluster of shape

regular triangles covered by a strip of width h, by Lemma 2.3, we have that
(3.13) [Iz3u’l} 71 < Chllu’|3 5 < CRISI .

From the definition we see that v, (v) — I71 u(v) =0 for all v € V), and vy, (v) —
I7u’(v) = a°(v) — u’(v) for all v € Vr N Q. Thus we have that

fon — LBy <€ Y () ~ I )2 =€ Y (@) — u(v))2.
veVrn§) veVrNQ

For each v € VP N, we construct a shape regular triangle 7,,, with v being one
of its vertices, and the other two vertices 51tt1ng on I'. Let I, (a® — u®) be the linear
interpolation of @° — yo on 7,. Since @0 = g on I', we have that

|1, (@ — w5, = (@ () — u®(v)).

Thus

Y @) W) <C Y L@ -,

veYrNQ veVrnN

The cluster of triangles {7,;v € Vr N} satisfies the condition of Lemma 2.3, with
6 = h. We therefore have that

Yo @ ), < Ol = u°|3 5
veVrN

From these estimates, we see that
(3.14) o — I3’} 7y < Ch||a® — u°|f3 5 < Ch|f][.-
Therefore, by (3.13) and (3.14),

lonli 7y < Uzl 7y + lon = Igu’li 7y < Ch(JW’l3 g + [12° — w°[13 2) < CIIFIF...
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Combining this and (3.12), we get that
(3.15) |Uh‘%,T§%U(QﬁTF) < Ch||f||(2J,w-

The theorem now follows from (3.9), (3.10), (3.11), and (3.15). o

From this theorem we see that, when I' € C? and f € L?(w) and if we take
€ = Ch, we have a domain embedding finite element method on uniform mesh that
achieves the full accuracy with an error of O(h). Although the triangulation was
assumed to be uniform, it is clear that Theorem 3.2 holds for any triangulation that
is shape regular, (but not necessarily quasi uniform,) with a maximum mesh size h.
The result of Theorem 3.1 is valid as long as w is a Lipschitz domain, which does not
guarantee the piecewise regularity of u’. For example, when w is a convex polygon,
then u°|, € H?(w), but u’|q cannot be expected to have the H? regularity. If w is
a convex polygon and I aligns with the mesh, one can define v;, by simply requiring
it to interpolate u” at every node in V. Then one uses the regularity u°|, € H?(w)
and u°|q € H*?(Q) [16] to show the validity of the estimate in Theorem 3.2. If w is a
nonconvex polygon, then u°|,, € H?(w) may not hold, in which case, a local refinement
may be needed at reentrant corners of w to make |u® — vy|1,, < h. This can be done
by taking a small rectangle around a corner, which conforms to the uniform mesh, and
on which one uses a fine uniform mesh. Thus doing, fast Fourier transforms on the
global uniform mesh and local uniform fine mesh can be combined in preconditioning
the discrete system, in view of the additive multilevel Schwarz method or the Chimera
method [9].

For a Robin boundary condition, the theory is similar to that of the Neumann
problem, so we will be very brief. We seek a function v on w solving the homogeneous
Robin problem

(3.16) —Au= f onw, % +ku=0onT.

Here k is a smooth, bounded, and positively valued function on I'. The weak formu-
lation is

(Vu, Vu) 12 (w)2 +/kuvds = / fvdr ¥V ve HY(w),
r w

u € HY(w).

(3.17)

On the continuous level, the domain embedding method determines u¢ € H}(R) such
that

(3.18) (Vus, Vo) p2(w)2 + / kuvds + e(Vu®, Vv)2q)2 = / fvdx ¥ v € HY(R).
r R

This equation also fits in the form of (2.2), in which the B operator has closed range
in V if w is Lipschitz. Therefore, as € — 0, u¢ converges to a limit u® € H}(R). The
limit is harmonic on 2, and u°|,, solves the Robin problem (3.17). By Lemma 2.4 we
have that

(3.19) ||uf — U0||1,R ~ |uf — u0|1,w + |lut — u0||07p ~ ¢ |u0|1_rg.

The finite element domain embedding method is a straightforward discretization of
(3.18) on a uniform mesh on R. The same results of Theorems 3.1 and 3.2 hold for
the Robin problem, and the argument is exactly the same.
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The Robin problem provides an alternative approach to designing domain embed-
ding for the Dirichlet problem, other than the one we analyze below. In the equation
(3.18), we can fix € and take k as a parameter. When k — oo, the solution of (3.18)
then converges to a function (at a rate much lower than 1/k [22]) whose restriction
on w solves the homogeneous Dirichlet problem. This method is essentially that of
[4]. But the above theory of the domain embedding method for the Robin problem
does not extend to this approach for the Dirichlet problem.

3.2. Dirichlet boundary condition. We seek a function u on w solving the
homogeneous Dirichlet problem whose weak formulation is

(Vu,Vv)[Lz(w)]z = / fvde Yove H&(w),

u € H(w).

(3.20)

Under the assumption that w is simply connected, on the continuous level, the domain
embedding method determines u¢ € H}(R) such that

(3.21) (Vus, Vo) rzyz + € (Vus, Vo) rz)e = / fodx ¥ v e Hy(R).
R

This is a penalty formulation. We extend u to a function u" on R such that u°|, = u
and u®|q = 0. It is easy to see that, for all v € H}(R),

(3.22)
e(V(u¢—u?), V) L2 ()2 +(V(uf—u), V)22 = € [/ fodr — (Vu®, V) [22(w))2
R
This equation fits in the form of (2.2) by properly defining the operators and spaces.
We see that
ker B = {v € H}(R);v =0 on Q},

and, more importantly, the right-hand side of (3.22), as a functional, annihilates
this subspace. Thus there is a unique u! € H{(R) such that Au! = 0 on w (since
ul € (ker B)7), and

(3.23) (Vul, VU)[L2(Q)]2 = |:/ fvdx - (VU07 VU)[Lz(w)]Q Voe H& (R)
R
In strong form, this function satisfies
out  oud
(3.24) ~Au' =01in Q, 8% = 3L onT, andu'=0ondR.
n n

Here n is the unit outward normal to I' viewed as a boundary of w, and n~ is the
outward normal of €, which is opposite to n. When 2 is a Lipschitz domain, the
operator B arising from fitting (3.22) into (2.2) has closed range. By Lemma 2.4 we
have that

0

(3.25) u€ —u® — eu| —eut|ia~ e |uli .

LRQ \ue—u

From (3.24) we see that |u'|;, = 0, which is equivalent to |u'l; o = 0 if and only if
u® satisfies the homogeneous Neumann condition on I, or equivalently, u® € H?(R).
In this case u¢ = u®, otherwise u¢ converges to u® at the sharp rate of e.
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Remark. If w is not simply connected, then  could have isolated components
whose union is, say, Qo. In this case, the limit u° of u¢ does not satisfy the homo-
geneous Dirichlet condition on I', and the domain embedding method (3.21) fails. A
remedy is adding, for example, the term 6_1(U6,'U)L2(QO) or 6_1(UE,U)L2(F) (or some-
thing else as long as ker B can be identified with H}(w)) to the left-hand side of the
domain embedding equation (3.21). Then the method would be convergent, and the
convergence rate would be retained.

The finite element domain embedding method is a straightforward discretization
of (3.21) in the finite element space H, C HJ(R). In this subsection, as for the
Neumann and Robin problems, we assume the triangulation is uniform. The numerical
method determines uj, € Hy, such that

(326) (Vu;,Vvh)[Lz(w)]z + Eil(vuz,vvh)[lg(g)]z = / fvhdx Ve Hh.
R

We have the following estimate on the error of this method.

THEOREM 3.3. Let u® € HE(R) be the limit of u¢ determined by the domain
embedding equation (3.21). Then u°|, solves the Dirichlet problem (3.20), and u°|q =
0. Let uj, € Hy, be the solution of the finite element domain embedding equation (3.26).
We have that

(3:27) [luf, — u’|hw < Celullip + CVe jnf (Velu! = vpl1e +[u' = vhl1.0)
VU, h

1
+C inf (uo—v2|1,w+ﬁ|vg|1,ﬂ>~

’USGH},,

Here u' is defined by (3.23), and C is a constant independent of h, €, and f.
Proof. Since wuj, is the projection of u¢ in the subspace H} with respect to the
inner product defined by the bilinear form in (3.21), we have that

1 1
|u® — upl1,0 + \flue —uplie < Juf —vpliw + —=u —vnlie Vo, € Hp.

Ve
Thus, by using (3.25), we see that

[u® — u§ |1 wle Clu® —us |1, r < C(|“0 —ufiR o+ |ut u;‘l’R)

1
< C<6u1|173+ |u€ _'Uh|1,w + —€|u€ —’l}hlyg)

7

< C<6u1|1’R—|— |u€ —u® — eul|y o + [u® + eul —vpl1 0
1

—|—$(|u6 —u® —eul

We write any v, € Hy, as vy = 112 + ev,{b and use (3.25) again to obtain that

Lo+ |eut — Uh|1,Q)> Y vy, € Hy,.

[u® = ujll1w < Clle+ € +€)|u'ly,r +elu' —vl1w +Velu' — vl
+ u® —vpl1w +

1
ﬁh}ghﬂ]-

The desired estimate then follows. 0
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This result is valid as long as €2 is a Lipschitz domain. In the following, we assume
that w CC R, T € C?, and f € L?(w). Under this assumption, we have the regularity
that u®|, € H?*(w) N Hi(w). Thus ou’/On € HY?(T). This in turn means that
oul Jon~ € HY?(T); cf. (3.24). Therefore, u'|q € H?(Q). Since u'|, is harmonic
and shares values with u'|g on T, so u!|, € H?(w). Furthermore, we have that the
estimates ||[u®)2,0 < C|lfllow, ut]l2.0 < Cllfllow, and |Jut|2.0 < C|fllow. We shall
also use the fact that u°|, has a H? extension onto R [21], denoted by u°, such that
[12°]l2,r < Cllu’llz.0 < Cllfllow-

THEOREM 3.4. Under the assumption that w CC R, T' € C?, and f € L?*(w),
for the Dirichlet problem, the following error estimate of the finite element domain
embedding method based on uniform mesh holds:

[u® — uf |10 < Cle+eVh+ hve+ VR)|| fllow-

Here, C is a constant independent of €, h, and f.

Proof. We need to estimate the three terms in the right-hand side of (3.27). The
first one is trivial. For the other two, we need to construct finite element interpolation
v,ll to u! and v2 to u, respectively. The construction of v,ll aims to estimate the
infimum

: 1 1 1 1
Uﬁlggh (\EW - Uhle =+ |U’ — Up

1,0) -

We observe that this is in the same form as the second term in the right-hand side
of the estimate for the Neumann problem; c.f. (3.7), except that the roles of Q and w
are switched. We use exactly the same technique of proving Theorem 3.2 to estimate
this term. We define v} € Hj such that v} (v) = u'(v) for all v € Vo U Vr, and
vi(v) =ul(v) for all v € V,,. Here u' € H?(R) is an extension of u!|q to R such that
ut|q = u'|q. With such defined interpolation, we have that

[u' —vhl10 < Chllfflow and Ju' = vhl1w < CVAIIf o0
Thus
(3.28) inf (Velu' —vpliw + [ut —vpl10) < C(Veh+ R fllow-

’UhEHh

We now turn to the last term in (3.27); i.e.,

1
3.29 inf u? — 01 + —[0? .
(3.29) (1= oflh+ e

The best choice of the interpolation to estimate this one is taking v,OL € Hj, such that
vp(v) =u’(v) YveV,, vpv)=0 YveVruVg.

(See the remark below for the reason why this is the best.) This choice makes [v})|; o =
0. To estimate the other term in (3.29), we observe that

(3.30) e I e A R el LA A e Tl L e

Note that v? interpolates u® at all of the vertices of triangles in 7;, \ 7). On each of
the triangle 7 € T, \ 7, we have that [u” —vp|7 | < Ch?|u°[3 .. Summing up, we get
that

(3.31) |u® — Ufoﬁ,n\fg < Ch2|u0|§jw\7£ < Ch*u’f3,,.
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Since 770 is covered by a strip of width O(h) that satisfies the condition of Lemma 2.2,
so we have that

(3.32) Wl 7o < ChIl@|3 -

Here @’ is an H? extension of u°|, to R such that ||@°||2,r < C|[u®|]2,,. Note that
a vertex of any triangle in 7 either belongs to V2 or belongs to w N Vr. Since
v)(v) = wO(v) for all v € V2 and v)(v) = 0 for all v € wN Vr, we have that
|v2|iTS < C3 epo (u(v))?. For each v € V, we construct a shape regular triangle

w?
7, with v being a vertex, and the other two vertices sitting on I'. Let I, 4" be the
linear interpolation of a° on this triangle. We have that (u°(v))? ~ |I,a°]7 , . Thus

(333) oy <C Y 1,0

veVvd

17, < Chl|E°[I3 5.

In the last step, we used Lemma 2.3. Finally, according to Lemma 2.2, we have that
(3.34) W’} oz < ChIIE°]3 p-

The estimates (3.32), (3.33), and (3.34) together lead to

(3.35) [ =0} 70 + [0} g < ChIIE°|3 5

This and (3.31) show that |u® —v)|; , < CV/h|@|2,r, which together with (3.27) and
(3.28) complete the proof. ]

3.3. Remark on the sharpness of the estimate on (3.29). The estimated
upper bound Cvh on (3.29) is rather big. This estimate was established by taking
the interpolation vg to u®. One of the reasons for the estimate to be so big is that the
chosen 112 does not offer any approximation to u® on w N 7r, where v?L is identically
equal to zero. Even so, the estimate is sharp. To see this, we consider an example
of a homogeneous Dirichlet boundary value problem in which w is the unit circle,
f =1, and the solution is u°|, = (1 — 2% — y?)/2. We embed w in a larger rectangle
R, on which we introduce a uniform triangulation of mesh size h. The unit circle
inevitably cuts through C'h triangles. The area of w N 7r is of the magnitude h. We
have that |u%|; wn7 =~ Vvh. The interpolation vY, defined in the proof, is zero on
w N Tp, which makes the error bound to be at least Cv/h. But the estimate Cv/h is
sharp. One may try to construct a “better” piecewise linear approximation to u° to
make |u0 — v2|1,meF smaller. However, if the v% were to offer any approximation to
uY, one would at least have that |U2|1,mep ~ |u0|1’meF. Since U?l is piecewise linear
on Tr, we have that [v)]1 onz. =~ [V)|1.wnz =~ U1 wnre =~ v/h. The bound for (3.29)
thus obtained would exceed vk /+/€, which is much bigger than Vh.

This argument shows that the estimate of Theorem 3.4 on the error of the finite
element domain embedding method for the Dirichlet problem is sharp. The optimal
convergence rate (’)(\/E) can be achieved by taking the penalty parameter as ¢ =
O(vVh). Smaller e does not help in improving the accuracy, but it does not hurt
the accuracy either. From a computational point of view, the best value of € should
be € = Cv/h. Since this accuracy is rather poor, it seems desirable to find ways to
enhance it.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



FINITE ELEMENT DOMAIN EMBEDDING METHODS 2863

Convex w Non-convex w
F1a. 5. A portion of the adjusted mesh around T".

3.4. Dirichlet boundary condition with adjusted mesh. One way to re-
duce the magnitude of (3.29) is to adjust the uniform mesh around I" by moving the
nearby nodes onto I' and reconnecting some mesh lines to form a polygonal interpo-
lation to I' in the mesh; see Figure 1. The adjusted mesh must fulfill the following
requirements: (1) The total number of nodes keeps unchanged. (2) No mesh-line
segment has one end in w and the other in Q. (3) The adjusted triangulation is shape
regular and quasi uniform. Fulfilling these requirements ensures, on one hand, that
the discrete Laplacian on the adjusted mesh is spectrally equivalent to the one on
the uniform triangulation thus retains the effectiveness of preconditioning the dis-
crete system by fast Poisson solvers. On the other hand, the magnitude of (3.29) is
significantly reduced, and thus the accuracy of the finite element domain embedding
method is accordingly enhanced. The Borgers’s algorithm [7] exactly carries out such
adjustment. It is interesting to note that the algorithm was proposed in a context of
solving a Neumann problem by domain embedding methods [8]. Our above analysis
shows that the mesh adjustment is actually not necessary for Neumann problems,
while it has a significant effect for the Dirichlet problem.

It turns out that the effect of this mesh adjustment is different whether w is
convex. For convex w, we prove that the full accuracy of O(h) is achieved by the
domain embedding finite element method on such adjusted mesh if one takes e = O(h).
Smaller € does not hurt the accuracy. If w is not convex, then the accuracy can only be
improved to O(h?/?) by taking e = Ch%/3. But in this case, smaller ¢ could diminish
the improvement and sets the accuracy back to that of the uniform mesh. This is a
case in which the balance between € and h is delicate.

We keep the notations of triangles and vertices introduced for uniform triangula-
tion. For example, 7t still comprises those triangles that intersect I', which are shaded
in Figure 5. In addition, we shall use P to denote the set of all triangles enclosed
by the polygonal interpolation of I'. In consistence to our earlier convention, P also
stands for the enclosed polygonal domain.

THEOREM 3.5. We assume that w CC R, T' € C?, and f € L?(w). The tri-
angulation T of R is obtained by adjusting a uniform mesh around T' in the way
described above. The finite element domain embedding method (3.26) is a straightfor-
ward discretization of the penalty formulation (3.21) on the adjusted mesh. Then if w
is conver, we have that

(3.36) [0 = uf[[10 < Cle+eVh+hv/e+h)|| o
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If w is not convez, we have that

(3.37) [|u° —uh|1w<c<e+ef+h\/+h+\[> | £110,0-

Here, C is a constant independent of €, h, and f.

Proof. The proof is based on the estimate (3.27) that was established in Theo-
rem 3.3, which is still valid even when 7 is not uniform. There is nothing new in
estimating the first two terms in the right-hand side of (3.27); i.e., we have € [u'|; g <
Cellfllo,r and Veinf ey, (Ve +u' —vpli0) < CleVh +hye)l|flo,r.
We need only to analyze the third term

1
(3.38) Ugiggh (uo — 1w + \/E|v2|1,g> .
We let 112 € Hj, be such a piecewise linear function that interpolates u° for all the
vertices v € V. When w is convex, this interpolation is consistent with that defined in
the proof of Theorem 3.4. It is, however, different if w is not convex, since the latter
was required to be zero on the shaded 7r; see Figure 5.

When w is convex, we have P C w, and

u” —vhliw = [ ip + [0’ —vili .

Since w \ P is covered by a strip vs, with 6 = Ch2 see Figure 5 (left), by Lemma 2.2,
we have that |u® |2 P S Ch?||a®||3 e Here @° € H2(R) is a H? extension of u°|,, such

that |92, < C||u0H2 »- Since v) interpolates u® at the vertices of every triangle
7 € P, by the standard argument, we see that [u® —v)|? ip < Ch2|u0|27p Therefore,
[u® — 0|10 < Ch fllo,w- Since v) =0 on £, we get that

1
[u” — vhl1w + \ﬁlvﬁlm < Ch|fllo,w-

The estimate (3.36) then follows from this and Theorem 3.3.
When w is not convex, we have that

‘UO - U?1,|1,w |u 1,wNpPe + ‘UO - v?z,ﬁ,wﬁ'l"

Here P¢ = R\f Since wNP€ is contained in a strip of width O(h?), by Lemma 2.2, we
have that |u%|? wnipe < CR?||u°||3 z- We see that [u® — v} |7 ,p < |@° —v)|7 . Since
vY) interpolates @ on the vertices of every triangle in P, by the standard argument of

finite element interpolation, we have that [a® — v}[} p < Ch?||@°|]3 . Therefore,

(3.39) < Ch| fllo,w-

Now, we consider [v)]1 . Since v) is zero on N P¢, we have that [v]]? , =

[vpl3 gnp- Let Po = {7 € P;7NQ # 0}, which is a cluster of triangles contained
in a strip of width O(h) around I'. On every T € Pq, v)) interpolates @’. According
to Lemma 2.3, we have that > __, [vj|] . < Ch[l@’|3 z. For each 7 € Pq, the
portion 7 N Q is either contained in a trapezoid of height O(h?) by one side of T,
or a smaller triangle of diameter O(h?) at a vertex of 7. In any case, we have that
()13 -0 < Chlv)]T .. We thus have that

|U2|%,an = Z |U2|%,Trm < Ch Z |Uh 1 < C’h2||u0||2 R*
TEPq TEPq

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



FINITE ELEMENT DOMAIN EMBEDDING METHODS 2865

Therefore, [v)|1.0 < Ch||@®||2,z. This together with (3.39) shows that

1 h
inf u’ — ol o+ —=|v) ><C(h+> @’ .
it (100 = ol Telifha ) < € (1 ) 1@

The proof of (3.37) is complete. 0

The estimates of this theorem are sharp. The sharpness argument is similar to
that which follows Theorem 3.4.

From (3.36) we see that when w is convex, the finite element domain embedding
method (3.26) with the adjusted mesh achieves the full accuracy O(h) in the H*
norm by taking e = O(h). From a computational point of view, the best value then
is € = C'h. But smaller € won’t hurt the accuracy.

From (3.37) we see that if w is not convex, then the full accuracy of O(h) cannot
be achieved by the mesh adjustment. In this case, there is an optimal value for e. It
is e = Ch?/3, which leads to an overall accuracy of order h?/3 in the H' norm. Unlike
the Neumann problem with a uniform mesh or the Dirichlet problem on a convex
domain with adjusted mesh, for this case, a smaller € thwarts the accuracy of the
finite element domain embedding. It could reduce the order back to h'/2, that is, the
order of accuracy achieved by the uniform mesh.
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