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Numerical Solutions for Stochastic Differential
Games With Regime Switching
Qingshuo Song, G. George Yin, Fellow, IEEE, and Zhimin Zhang

Abstract—This paper is concerned with numerical methods
for stochastic differential games of regime-switching diffusions.
Numerical methods using Markov chain approximation techniques
are developed. A new proof of the existence of a saddle point for
the stochastic differential game is provided. This new proof enables
us to treat certain systems with nonseparable (in controls) structure. Convergence of the algorithms is derived by means of weak
convergence methods. In addition, examples are also provided for
demonstration purposes.
Index Terms—Controlled regime-switching diffusion, convergence, Markov chain approximation, saddle point, stochastic
differential game.

I. INTRODUCTION
HIS PAPER is concerned with numerical solutions for
stochastic differential games with regime switching. The
merge of differential games and regime-switching models stems
from a wide range of applications in network problems, complex systems, and financial engineering. Many problems arising in, for example, pursuit-evasion games, queueing systems
in heavy traffic, risk-sensitive control, and constrained optimization problems, can be formulated as two-player stochastic differential games [1], [7], [8]. In most of these problems,
closed-form solutions are difficult to obtain. As a viable alternative, one is contended with numerical approximations [16].
While the convergence of approximations with various forms of
continuous-state and continuous-time dynamic games was developed, a systematic approach of numerical approximation for
stochastic models was provided in [12]. Part of the difficulties
in dealing with such game problems is that the existence of the
value of a game is rather difficult to establish. Naturally, one
may proceed with discrete strategies to approximate its continuous counterpart. In fact, using limits of discrete strategies
to define the upper and lower values of games can be traced
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back to [4] and [5]. The classical definition [7] does not use discretization, but many applications based on discretization are
shown to yield the same values as in these references. Using
a Markov chain approximation technique, numerical methods
are developed in [12] via a probabilistic approach that require
that both the objective function and the drift of the diffusion
be separable with respect to the controls. It would be nice to
be able to relax the separability. Along another line, recent applications in finance and in wireless communications demand
the consideration of systems that better describe the random
environment. One such modeling point is the use of the socalled regime-switching models (see [3], [6], [20], [21], [25],
[26] and also [2], [9], [14], [15] and references therein). In light
of these developments, it is natural to consider stochastic differential games in which both the drift and the diffusion terms are
modulated by another random process.
In this paper, we aim to develop numerical methods for approximation of stochastic differential games for switching diffusions. Our contributions in this paper include: 1) first, compared with the numerical methods developed in the literature,
where only diffusion models were treated, we consider a regimeswitching model that includes both continuous dynamics and
discrete events. The modulating stochastic process is assumed
to be a continuous-time Markov chain representing the random
environment and other random factors not included in the usual
diffusion formulation; 2) compared to the most recent development in [12], we expand the applicability of the numerical
methods to include dynamics and objective functions being not
necessarily separable with respect to controls; 3) using Markov
chain approximation techniques, we develop numerical schemes
to solve the underlying game problems. In contrast to [12], we
prove the existence of the saddle point for a game problem with
a finite state space without using delayed actions. In the proof of
existence of saddle points, we assume that either the functions
are separable or that the cost is of convex–concave type, and
the controls in the drift are bilinear with an additional constant
term (to be specified later). The essence is to be able to interchange the supremum and infimum by using the results of von
Neumann [19] and Sion [17], which enable us to treat certain
nonseparable functions. In addition, our formulation allows us to
handle regime-switching systems; 4) We prove the convergence
of the numerical schemes, and provide numerical experimental
results for the stochastic differential game problems.
The rest of the paper is arranged as follows. Section II begins
with the formulation of the problem, in which we give definitions of the differential game problems, as well as values and
saddle points of a game. Moreover, the notation of the relaxed
control is recalled briefly. Section III presents Markov chain
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approximation procedures. Section IV proceeds with the convergence of the procedure. It establishes a weak convergence
result for any constructed approximating Markov chain as long
as it is locally consistent. Section V proves the existence of
a saddle point of the game either for systems having separable forms or for functions being convex–concave type. As was
alluded to, the proof is interesting in its own right for people
working in control and optimization in general, and in game theory in particular. In Section VI, we present a numerical example
for demonstration purposes. Section VII issues some further remarks. Finally, an Appendix is provided, collecting the proofs
of results.

used. To facilitate the proof of weak convergence, we introduce
the relaxed control representation [12], [13].
Definition 2.1: Let B(U × [0, ∞)) be the σ-algebra of
Borel subsets of U × [0, ∞). An admissible deterministic
relaxed control or simply a relaxed control m(·) is a measure
on B(U × [0, ∞)) such that m(U × [0, t]) = t for each
t ≥ 0. Given a relaxed control m(·), there is an mt (·) such
that m(drdt) = mt (dr)dt. In fact, we can define mt (B) =
for B ∈ B(U ), a Borel subset of U .
limδ →0 m (B ×[t−δ,t])
δ
Let the probability space (Ω, F, P ) be given together with a
filtration Ft , an Ft -Brownian motion w(·), and an Ft -switching
process α (·). We say m(·) is an admissible relaxed stochastic
control for (w(·), α(·)) or (m(·), w(·), α(·)) is admissible, if
m(·, ω) is a deterministic relaxed control with probability one
and if m(B × [0, t]) is Ft -adapted for all B ∈ B(U ). There
is a derivative mt (·) such that
 mt (·) is Ft -adapted for all
B ∈ B(U ) and that m(B) = U ×[0;∞) I{(u ,t)∈B } mt (dc)dt for
all B ∈ B(U × [0, ∞)) w.p.1.
Using the notion of relaxed controls, the dynamic system (1)
and the cost function (3) can be rewritten as
 t
b(x(s), α(s), r1 , r2 )
x(t) = x(0) +

II. FORMULATION
Consider a two-player stochastic game of regime-switching
diffusions. For a finite set M = {1, . . . , m0 }, x ∈ Rl 0 ,
b(·, ·, ·, ·) : Rl 0 × M × R × R → Rl 0 , σ(·, ·) : Rl 0 × M →
Rl 0 × Rl 0 , the dynamic system is given by
 t
x(t) = x(0) +
b(x(s), α(s), u1 (s), u2 (s))ds
0


+

t

σ(x(s), α(s)) dw(s)

U 1 ×U 2

0

(1)



0

where, for each i = 1, 2, ui (·) is a control for player i, w(·) is a
standard Rl 0 -valued Brownian motion, and α(·) is a continuoustime Markov chain having state space M with generator
Q = (qι, ) ∈ Rm 0 ×m 0 and state space M. Let {Ft : 0 ≤ t} be
a filtration, which might depend on controls, and which measures at least {(w(s), α(s)) : s ≤ t}. We suppose that, for each
i = 1, 2, ui (·) is Ft -adapted and takes values in a compact subset Ui ⊂ R, which is called admissible control. Let A(x, ι) =
σ(x, ι)σ  (x, ι) = (aj 0 k 0 (x, ι)) ∈ Rl 0 × Rl 0 , which is symmetric and positive definite.
Note that the Markov chain is used to represent the possible
regimes of the environment. For any controls with the correct
information structures, there will be a filtration with respect
to which w(·) is a standard vector-valued Brownian motion
and α(·) is a continuous-time Markov chain, and to which the
controls are adapted [12].
Let G ⊂ Rl 0 be a compact set, that is, the closure of its interior
0
G and τ be the first exit time of x(t) from G0 with
τ = min{t : x(t) ∈
/ Go }.

(2)

Using a real number β > 0 to denote the discount factor, let the
cost function be
 τ
u
W (x, ι, u1 , u2 ) = Ex,ι
e−β s 
k(x(s), α(s), u1 (s), u2 (s))ds
0


+ g(x(τ ), α(τ ))

(3)

where 
k(·) and g(·) are appropriate functions representing the
u
derunning cost and the terminal cost, respectively, and Ex,ι
notes the expectation taken with the initial data x(0) = x and
α(0) = ι, and the given control process u(·) = (u1 (·), u2 (·))

× ms (dr1 × dr2 )ds +

t

σ(x(s), α(s))dw(s) (4)
0


m
W (x, ι, m) = Ex,ι
0

τ

e−β s


U 1 ×U 2


k(x(s), α(s), r1 , r2 )ms


× (dr1 × dr2 )ds + g(x(τ ), α(τ )) .

(5)

To proceed, we need the following assumptions.
A1) For each ι ∈ M, 
k(·, ι, ·, ·) and b(·, ι, ·, ·) are continuous
functions on the compact set G × U1 × U2 .
A2) For each ι ∈ M, the functions σ(·, ι) and g(·, ι) are continuous on G.
A3) Equation (4) has a unique weak sense solution (i.e., unique
in the sense of distribution) for each admissible triple
(w(·), α(·), m(·)), where m(·) = (m1 (·), m2 (·)).
A4) For any 
ι ∈ M, j0 , k0 ∈ {1, 2, . . . , l0 }, j0 = k0 ,
aj 0 j 0 (x, ι) > k 0 =j 0 |aj 0 k 0 (x, ι)|.
A5) Let

∞, if φ(t) ∈ G0
for all t < ∞
τ̂ (φ) =
inf {t : φ(t) ∈
/ G0 }, otherwise.
The function τ̂ (·) is continuous as a mapping from
D[0, ∞) to [0, ∞] with probability 1 relative to the measure induced by any solution to (4) with an initial condition
(x, ι), where D[0, ∞) denotes the space of functions that
are right continuous and have left limits endowed with
the Skorohod topology, and [0, ∞] is the interval [0, ∞)
compactified (see [13, p. 259]).
A6) The functions b(·) and 
k(·) are separable in r1 and
r2 for every (x, ι) ∈ G × M. That is, b(x, ι, r1 , r2 ) =
2
2 i
i

i=1 b (x, ι, ri ) and k(x, ι, r1 , r2 ) =
i=1 k (x, ι, ri ).
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A7) There exist Rl 0 -valued continuous functions bi (x, ι)
(i = 0, 1, 2) and c(x, ι) such that b(x, ι, r1 , r2 ) =
r1 r2 b0 (x, ι) + r1 b1 (x, ι) + r2 b2 (x, ι) + c(x, ι). The cost

k(·) is convex–concave with respect to (r1 , r2 ). That is,

k(·) is convex with respect to r1 for every (x, ι, r2 ) and
concave with respect to r2 for every (x, ι, r1 ).
Assumption A4) is used for the construction of transition
probabilities of the approximating Markov chain. It requires
that the diffusion matrix be diagonally dominated. If the given
dynamic system does not satisfy A4), then we can adjust the
coordinate system to satisfy assumption A4) (see [13, p. 110]).
Assumption A5) is a broad condition that is satisfied in most
applications. The main purpose is to avoid the tangency problem as discussed in [p. 278]. In Section V, we will establish the
existence of saddle points using either A6) or A7) in addition to
A1)–A5). Assumption A7) requires the drift to be bilinear with
an addition of the constant term c(x, ι) with respect to control
variables. As can be seen, in this case, the function is nonseparable for the controls. Assumption A7) is a sufficient condition to
have convex–concave property of transition probability used in
approximating the Markov chain by a central difference scheme,
and it is an important condition that leads to the existence of
saddle points.
Now, we are ready to define upper values, lower values, and
saddle points of differential games. In a zero-sum differential
game, player 1 wants to minimize and player 2 wants to maximize the objective function (3). If, at each time, player 1 goes
first and player 2 goes last, then the value of the objective function is said to be an upper value. If the order of the actions of
the two players is reversed, the corresponding value is termed a
lower value. Nevertheless, since the real time elapsed is continuous, the order of actions for a given instance is not transparent.
Therefore, we use a piecewise constant control space on one
player who goes first, denoted by Li (∆) (see the definition
given later, and the corresponding part of [12] without regime
switching).
Let Ui = {ui (·) : admissible ordinary control with respect
to Ft }. For ∆ > 0, let Ui (∆) ⊂ Ui such that ui (·) are piecewise constant on the intervals [k∆, k∆ + ∆), k = 0, 1, 2, . . . ,
and ui (k∆) is Fk ∆ -measurable. Let B be a Borel subset of
U1 . Let L1 (∆)supsetU1 (∆) denote the set of such piecewise
constant controls for player 1 that are represented by functions Q1,n (B, ·), n = 0, 1, . . . , of the conditional probability
type
P {u1 (n∆) ∈ B|w(s), α(s), u2 (s), s < n∆; u1 (k∆), k < n}
= Q1,n (B; w(s), α(s), u(s), s < n∆)

(6)

where Q1,n (B; ·) is a measurable function for B ∈ B(U1 ). Controls determined by (6) may be called strategies, owing to their
explicit dependence on the past actions of both players. If a
rule for player 1 is given by (6), in the arguments of the cost
functions, we will sometimes write it as u1 (u2 ) to emphasize its
dependence on u2 . Define L2 (∆) and the associated rule u2 (u1 )
for player 2 analogously.
Note that Li (∆) differs from Ui (∆) in that the control in
Li (∆) is determined by a series of measurable functions in
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(6). For example, for u1 (·) ∈ L1 (∆), it depends on the past
u2 (·) ∈ U2 , where u2 is normally not in U2 (∆). However, the
uniqueness assumption A3) implies that it is only the probability
law of (w(·), α(·), u(·)), or more generally of (w(·), α(·), m(·)),
which determines the law of the solution, and hence, the value
of the cost. Thus, we can always suppose that, if the control of,
for example, Player 1 is determined by a form such as (6), then
(in relaxed control terminology) the law of (w(·), α(·), m2 (·))
is determined recursively by a conditional probability law given
by
P ({w(t), α(t), m2 (t), k∆ ≤ t < k∆ + ∆} ∈ ·
|w(s), α(s), m2 (s), s < t, m1 (s), s ≤ k∆).

(7)

Now, we are in a position to introduce the definition of upper
and lower values.
Definition 2.2: For initial condition x(0) = x, α(0) = ι, define the upper and lower values for the game as
V + (x, ι) = lim

inf

sup W (x, ι, u1 (u2 ), u2 ) (8)

V − (x, ι) = lim

sup

inf W (x, ι, u1 , u2 (u1 )). (9)

∆ →0 u 1 ∈L1 (∆ ) u 2 ∈U2

∆ →0 u ∈L (∆ ) u 1 ∈U1
2
2

If the lower value and the upper value are equal, then we say
that there exists a saddle point for the game, and its value is
V + (x, ι) = V − (x, ι) = V (x, ι) ∀x ∈ G,

ι ∈ M.

(10)

Remark 2.3: Let us give the interpretation of (8). For a fixed
∆ > 0, consider the right-hand side of (8). For each k, at time
k∆, player 1 uses a rule of the form (6) with a constant action
taken on [k∆, k∆ + ∆). That is, player 1 “goes first.” Accordingly, player 2 selects its strategy simply to be admissible. This
operation yields an admissible u(·) = (u1 (·), u2 (·)). As ∆ → 0,
the inf sup is monotonically decreasing since player 1 can make
decisions more often. The analogous comments hold for (9).
III. MARKOV CHAIN APPROXIMATION METHODS
The Markov chain approximation methods for stochastic control problems without regime switching were considered in [11]
and [13]. The Markov chain approximations were also used in
numerical solutions for stochastic games without regime switching [12]. Using the Markov chain approximation method for
stochastic control with regime switching was considered in [18].
Here, we will construct a two-component Markov chain. The
approximation is of finite difference type. The basis of the approximation is a discrete-time, finite-state, controlled Markov
chain {(ξnh , αnh ) : n < ∞} whose properties are locally consistent with that of (1). In addition, the Markov chain in this section
is designed for computational purposes. An alternative approximation will be given in Section V for establishing the existence
of saddle points.
For each h > 0, let Gh be a finite subset of G such
that d(Gh , G) → 0 as h → 0, where d(·) is a metric defined by d(Gh , G) = maxp∈G minq ∈G h d(p, q). Let {(ξnh , αnh ) :
n < ∞} be a controlled discrete-time Markov chain on a discrete state space Gh × M with transition probabilities denoted
by ph ((x, ι), (y, )|r), where r = (r1 , r2 ) ∈ U1 × U2 . We use
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(uh1,n , uh2,n ) to denote the actual control action for the chain at
discrete time n. Suppose that we have a positive function ∆th (·)
on Gh × M × U1 × U2 such that supx,ι,r ∆th (x, ι, r) → 0 as
h → 0, but infx,ι,r ∆th (x, ι, r) > 0 for each h > 0. We take an
interpolation of the discrete Markov chain {(ξnh , αnh )} by using
the interpolation interval ∆thn = ∆thn (ξnh , αnh , uh1,n , uh2,n ). Now,
we give the definition of local consistency.
Definition 3.1: Let {ph ((x, ι), (y, )|r)}, for (x, ι), (y, ) ∈
Gh × M and r ∈ U1 × U2 , be a collection of well-defined
transition probabilities for the two-component Markov chain
{(ξnh , αnh )}, approximation to (x(·), α(·)). Define the difference
∆ξnh = ξnh +1 − ξnh . Assume that limh→0 supx,ι,r ∆th (x, ι, r) =
r,h
r,h
, covr,h
0. Denote by Ex,ι,n
x,ι,n , and px,ι,n the conditional expectation, covariance, and probability, given {ξkh , αkh , uh1,k , uh2,k , k ≤
n, ξnh = x, αnh = ι, (uh1,n , uh2,n ) = r}. The sequence {(ξnh , αnh )}
is said to be locally consistent with (1), if

Now, we are ready to define the upper and lower values using
W h (·), Uih (1), and Ujh (2) as

r,h
Ex,ι,n
∆ξnh

h

V h,+ (x, ι) =

inf

2

V h,− (x, ι) =

sup

= b(x, ι, r)∆t (x, ι, r) + o(∆t (x, ι, r))

h
pr,h
x,ι,n {αn +1

h

+ o(∆t (x, ι, r)),

for  = ι

h

sup |∆ξnh | → 0 as h → 0.

(11)

To approximate the expected cost given in (3), we define a
cost function using the aforementioned Markov chain. Let
∆thj

Nh = inf{n : ξnh ∈
/ Goh }.

and

j =0

Then, define the cost function with respect to uh = {(uh1,n ,
uh2,n ) : n = 1, 2, . . . , Nh } as
h

h

W (x, ι, u ) = Ex,ι

N
h −1

−β t hn

e


k ξnh , αnh , uh1,n , uh2,n ∆thn

n =0
h
h
+ g ξN
, αN
h
h

W h x, ι, uh1 , uh2

(16)

respectively. Note that V h,+ is not necessarily decreasing as
h → 0. Similarly, V h,− is not necessarily increasing as h → 0.
Furthermore, the corresponding V h,+ (·) and V h,− (·) are not
necessarily equal to each other.
The corresponding dynamic programming equations are
V h,+ (x, ι) = min { max Ex,ι [e−β ∆ t

h

(x,ι,r )

r 1 ∈U 1 r 2 ∈U 2

V h,+ (ξ1h , α1h )

+
k(x, ι, r)∆th (x, ι, r)]}
h

(x,ι,r )

(12)

where (ξ0h , α0h ) = (x, ι).
To approximate the value function in (8) and (9) in the discrete
case with parameter h, we need to define admissible controls
with respect to Fk ∆ (i.e., the σ-algebra Ft with t = k ∆), so
that the value can be computed. Using Uih (1) to denote the space
of the ordinary controls that Player i goes first, and its strategy
is defined by measurable functions of the type similar to (6).
That is, for uhi ∈ Uih (1), it can be written by the conditional
probability law


P uhi,n ∈ ·ξkh , αkh , k ≤ n; uh1,k , uh2,k , k < n .
(13)
Using Uih (2) to denote the collection of the ordinary controls
that player i goes last, the strategy is defined by the conditional
probability law
P {uhi,n ∈ ·|ξkh , αkh , k ≤ n; uhi,k , k < n; uhj,k , k ≤ n, j = i}.
(14)

(17)

V h,− ξ1h , α1h

+
k(x, ι, r)∆th (x, ι, r)]}

= ι} = ∆t (x, ι, r)(1 + qιι ) + o(∆t (x, ι, r))

n −1


(15)

r 2 ∈U 2 r 1 ∈U 1

n ,ω ∈Ω

thn =

inf

h
h
u h2 ∈U2h (1) u 1 ∈U1 (2)

h
h
h
covr,h
x,ι,n ∆ξn = A(x, ι)∆t (x, ι, r) + o(∆t (x, ι, r))
h

W h x, ι, uh1 , uh2

2

V h,− (x, ι) = max { min Ex,ι [e−β ∆ t

h

h
h
pr,h
x,ι,n {αn +1 = } = ∆t (x, ι, r)qι

sup

u h1 ∈U1h (1) u h ∈U h (2)

(18)

where (ξ0h , α0h ) = (x, ι). Owing to the contraction implied by
the discounting, there is a unique solution to both (17) and (18).
Theoretically, once we have locally consistent Markov
chain {(ξnh , αnh )}, we can compute the cost W h (x, ι, uh ) for
any admissible uh = (uh1 , uh2 ) by (12). Then, V h,+ (x, ι) and
V h,− (x, ι) could be found by (15) and (16). Practically, we can
find V h,+ (·) and V h,− (·) by solving (17) and (18) using an iteration method. This is possible owing to the following lemma.
Lemma 3.2: For any initial value {V0h,+ (x, ι) : x ∈ Gh , ι ∈
M}, the sequence
−β ∆ t
Vnh,+
+1 (x, ι) = min { max Ex,ι [e

h

(x,ι,r )

r 1 ∈U 1 r 2 ∈U 2

Vnh,+ ξ1h , α1h

+
k(x, ι, r)∆th (x, ι, r)]}

(19)

converges to V h,+ (x, ι), the unique solution to (17) as n → ∞.
Analogously, for any initial value {V0h,− (x, ι) : x ∈ Gh , ι ∈
M}, the sequence
−β ∆ t
Vnh,−
+1 (x, ι) = max { min Ex,ι [e
r 2 ∈U 2 r 1 ∈U 1

h

(x,ι,r )

Vnh,− ξ1h , α1h

+
k(x, ι, r)∆th (x, ι, r)]}

(20)

converges to V h,− (x, ι), the unique solution to (18) as n goes
to infinity.
Proof: The proof can be obtained in a way similar to that of
[10, Lemma 2].

We proceed to specify the transition probabilities of the
Markov chain {(ξnh , αnh )}. There might be many alternative
Markov chains satisfying local consistency. We generalize the
method introduced in [13] to construct a Markov chain for
the switching diffusions. In this procedure, we compare the
dynamic programming equation with the discrete Hamiltonian–
Jacobi–Issacs equation (HJI) to get a Markov chain. Note that
the subsequent results in this paper depend only on the final
form of the constructed Markov chain and its properties, not on
the HJI equations.
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We begin with a special case, in which the control space has
only one admissible feedback control uh (·). In this case, the
minimum and the maximum in (17) and (18) can be ignored,
and the lower value and the upper value are exactly the same
as W h (x, ι, uh ), denoted by V h (x, ι) for simplicity. Approxih
mating e−β ∆ t (x,ι,r ) by 1 − β∆th (x, ι, r), we rewrite (17) and
(18) as
V h (x, ι) = 
k(x, ι, r)∆th (x, ι, r) + (1 − β∆th (x, ι, r))

ph ((x, ι)(y, )|r)V h (y, ).

− V h (x − ej 0 h, ι) − V h (x + ek 0 h, ι)
+ V h (x − ek 0 h, ι)]/(2h2 ),

(21)

For fixed r ∈ U , define the differential operator for (1) as
Lr φ(x, ι) = φx b(x, ι, r)
1
+ tr(φxx (x, ι)A(x, ι)) + Qφ(x, ·)(ι) (22)
2

where ι ∈ M and Qφ(x, ·)(ι) =  =ι qι (φ(x, ) − φ(x, ι)) =
m 0
=1 qι φ(x, ). Formally, V (x, ι) satisfies the system of
equations

− V h (x − ej 0 h + ek 0 h, ι) + V h (x + ej 0 h, ι)
+ V h (x − ej 0 h, ι) + V h (x + ek 0 h, ι)

Dh (x, ι, r1 , r2 ) =

inf (L V (x, ι) − βV (x, ι) + 
k(x, ι, r)). (23)

Lr V (x, ι) − βV (x, ι) + 
k(x, ι, r) = 0, x ∈ G0
V (x, ι) = g(x, ι), x ∈ ∂G.

(24)

Let bj 0 (·) be the j0 th component of b(·), Vx j 0 = (∂/∂xj 0 )V ,
and Vx j 0 x k 0 = (∂ 2 /∂xj 0 ∂xk 0 )V . Then,
Vx j 0 (x, ι)bj 0 (x, ι, r) +

j 0 =1
m0


1
2

l0


Vx j 0 x k 0 (x, ι)aj 0 k 0 (x, ι)

j 0 ,k 0 =1

qι V (x, ) − βV (x, ι) + 
k(x, ι, r) = 0.

−



|aj 0 k 0 (x, ι)| − qιι h2 + βh2

j0 < k 0

∆th (x, ι, r1 , r2 ) = h2 /Dh (x, ι, r1 , r2 ).

(27)

Denote the standard unit vector by ej 0 for j0 = 1, . . . , l0 . Using
the modified upwind finite-difference method, (25) discretizes
to
V (x, ι) → V h (x, ι)
V h (x + ej 0 h, ι) − V h (x, ι)
, if bj 0 (x, ι, r) ≥ 0
Vx j 0 (x, ι) →
h
V h (x, ι) − V h (x − ej 0 h, ι)
, if bj 0 (x, ι, r) < 0
h

Vx j 0 x j 0 (x, ι) → [V h (x + ej 0 h, ι) − 2V h (x, ι)
+ V h (x − ej 0 h, ι)]/h2
Vx j 0 x k 0 (x, ι) → [2V h (x, ι) + V h (x + ej 0 h + ek 0 h, ι)
+ V h (x − ej 0 h − ek 0 h, ι) − V h (x + ej 0 h, ι)

Comparing the upwind difference version of (25) to (21), we
obtain the transition probabilities as
ph ((x, ι), (x ± ej 0 h, ι)|r) =


hb±
j 0 (x, ι, r) + (1/2)aj 0 j 0 (x, ι) − (1/2)
k 0 =j 0 |aj 0 k 0 (x, ι)|
,
h
2
D (x, ι, r1 , r2 ) − βh
j0 = 1, 2, . . . , l0

ph ((x, ι), (x + ej 0 h + ek 0 h, ι)|r) =
p ((x, ι), (x − ej 0 h − ek 0 h, ι)|r) =
h

(1/2)a+
j 0 k 0 (x, ι)
Dh (x, ι, r1 , r2 ) − βh2
(1/2)a+
j 0 k 0 (x, ι)
Dh (x, ι, r1 , r2 ) − βh2

,

j0 < k0

(25)

=1

Vx j 0 (x, ι) →

[(|bj 0 (x, ι, r)|h) + aj 0 j 0 (x, ι)]

j 0 =1

r

Assume temporarily that u(·) is the only admissible control
in U1 × U2 . Drop inf sup, we obtain

+

l0


and set

sup (Lr V (x, ι) − βV (x, ι) + 
k(x, ι, r))

r 2 ∈U 2 r 1 ∈U 1

l0


if j0 = k0 , aj 0 k 0 (x, ι) < 0.

(26)
−
Let b+
(x,
ι,
r)
=
max
b
(x,
ι,
r),
0}
and
b
(x,
ι,
r)
=
{ j0
j0
j0
+
max{ −bj 0 (x, ι, r), 0}. Analogously, define aj 0 k 0 (·) and
a−
j 0 k 0 (·). Note that A(x, ι) is a symmetric matrix. Let

r 1 ∈U 1 r 2 ∈U 2

= sup

if j0 = k0 , aj 0 k 0 (x, ι) ≥ 0

Vx j 0 x k 0 (x, ι) → [−2V h (x, ι) − V h (x + ej 0 h − ek 0 h, ι)

+ V h (x − ek 0 h, ι)]/(2h2 ),

(y ,)∈G h ×M

0 = inf
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ph ((x, ι), (x + ej 0 h − ek 0 h, ι)|r) =

(1/2)a−
j 0 k 0 (x, ι)
Dh (x, ι, r1 , r2 ) − βh2

,

j0 = k0
ph ((x, ι), (x, )|r) =

2

qι h
,=ι
Dh (x, ι, r1 , r2 ) − βh2

ph ((x, ι), (y, )|r) = 0,

otherwise.

(28)

Assumption
A4) guarantees Dh (·) − βh2 > 0 and ph (·) ≥ 0.

Also, (y ,) ph ((x, ι), (y, )|r) = 1 for any (x, ι). So, the transition probabilities are well defined. Using ∆th · given in (27)
and by taking the interpolation of the Markov chain constructed
with transition probability (28), we obtain a continuous-time
process. Next, we verify the local consistency for our approximation sequences. The proof of the following lemma is relegated
to the Appendix.
Lemma 3.3: Assume A1), A2), and A4). The Markov chain
(ξnh , αnh ), together with transition probabilities {ph (·)} and the
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interpolation function ∆th (·) defined in (28) and (27), is locally
consistent with (1).

is a standard Ft -Brownian motion, α(·) is a continuous-time
Markov chain generated by Q, τ̃ is an Ft -stopping time, and
m(·) is an admissible control. Moreover, (4) is satisfied.
The next theorem presents the convergence of the numerical
method. Its proof is also given in the Appendix.
Theorem 4.3: Assume A1)–A5). For x ∈ Gh , ι ∈ M,
let {(ξnh , αnh )} be a locally consistent Markov chain.
V h,+ (x, ι), V h,− (x, ι), V + (x, ι), and V − (x, ι) are defined in
(8), (9), (15), and (16). Then, we have limh→0 V h,+ (x, ι) =
V + (x, ι) and limh→0 V h,− (x, ι) = V − (x, ι).

IV. CONVERGENCE OF APPROXIMATING MARKOV CHAINS
UNDER LOCAL CONSISTENCY
In this section, we prove a convergence result. For any approximating Markov chain, we show that the upper and lower values
V h,+ (·) in (15) and V h,− (·) in (16) converge to V + (·) and
V − (·), respectively, as long as the approximating Markov chain
is locally consistent (Definition 3.1). The essence is a careful
use of “ε-optimal” control to approximate its value function.
Lemma 4.1: Suppose that the two-component Markov chain
{ξnh , αnh } is locally consistent in the sense of Definition 3.1.
Then, as h → 0, the interpolated process αh (·) of the Markov
chain {αnh } converges weakly to α(·), a Markov chain with
generator Q = (qι ).
Proof: The proof can be obtained in a way similar to that of
[24, Theorem 3.1].

To proceed, we take a continuous-time interpolation of
the locally consistent Markov chain. Let (ξ h (·), αh (·)) be
the piecewise constant interpolation of (ξnh , αnh ) and uh (·) =
(uh1 (·), uh2 (·)) be the interpolation of uhn = (uh1,n , uh2,n ) with an
interpolation interval ∆thn (ξnh , αnh , uh1,n , uh2,n ). Let τh = thN h . In
this way, ξ h (·) has a representation close to (1) by [13, Sec.
10.4.1]. That is,
 t
ξ h (t) = x +
b(ξ h (s), αh (s), uh (s))dt


0
t

σ(ξ h (s), αh (s))dwh (s) + εh (t)

+

(29)

0

where ξ h (t) ∈ Gh and εh (·) is negligible in that limh supx,ι,u h
sups≤T E|εh (s)|2 = 0. The process wh (·), a martingale with
respect to the filtration induced by (ξ h (·), αh (·), uh (·), wh (·)),
converges weakly to a standard vector-valued Brownian motion.
All processes in (29) are constants over the intervals [thn , thn +1 ).
Let mh (·) be the relaxed control representation of uh . Accordingly, the cost function can be written as
  τh

mh
e−β s
W h (x, α, mh ) = Ex,α
0

U


h
h
h
h
h

k(ξ (s), α (s), r)ms (dr)ds + g(ξ (τh ), α (τh )) + εh . (30)

V. EXISTENCE OF SADDLE POINTS
In this section, we show that there exists a saddle point for
the stochastic differential game [i.e., V + (·) = V − (·)] under assumptions A1)–A5) together with either A6) or A7). The proof
is carried out in the following steps.
1) Design a Markov chain {(ξnh , αnh )} in which ∆th (·) and
the denominator of ph (·) do not depend on controls.
2) Show that the constructed Markov chain is locally consistent (see Lemma 5.1), and thus, V h,+ (·) → V + (·) and
V h,− (·) → V − (·) by virtue of Theorem 4.3.
3) Using the earlier Markov chain, we consider V h,+ (·) and
V h,− (·) as (15) and (16) in a piecewise constant ordinary
control space. Under assumption A6) or A7), we prove
that V h,+ (·) = V h,− (·) for all h.
Note that the aforementioned Step 1 enables us to interchange inf and sup for an appropriate function. To begin, we
need to design a locally consistent Markov chain different
from the setup of (27) and (28). This Markov chain is generated by a central finite-difference scheme
 and is presented
for analysis purpose. Let Dh (x, ι) = lj00 =1 aj 0 j 0 (x, ι) −

2
2
j 0 < k 0 |aj 0 k 0 (x, ι)| − qιι h + βh . Set the interpolation interval as
∆th (x, ι) =

.

(31)

The transition probabilities are
ph ((x, ι), (x ± ej 0 h, ι)|r) = [±(1/2)hbj 0 (x, ι, r)

+ (1/2)aj 0 j 0 (x, ι) − (1/2)
|aj 0 k 0 (x, ι)|]
k 0 =j 0

/[D (x, ι) − βh ],
h

The proof of the following theorem is in the Appendix.
Theorem 4.2: Assume A1), A2), and A3). Let the approximating chain {ξnh , αnh , n < ∞} be locally consistent
in the sense of Definition 3.1, {uhn , n < ∞} be the sequence of admissible controls, ξ h (·), αh (·), uh (·) be the corresponding continuous-time interpolations, and mh = (mh1 , mh2 )
be the relaxed control representation of uh = (uh1 , uh2 ) for
ξ h (·). Let Fth denote the minimal σ-algebra that measures
{ξ h (s), αh (s), mhs (·), wh (s), s ≤ t} and {τ̃h } be a sequence
of Fth -stopping times. Then, {ξ h (·), αh (·), mh (·), wh (·), τ̃h } is
tight. Denote the limit of a weakly convergent subsequence by
(x(·), α(·), m(·), w(·), τ̃ ) and denote by Ft the σ-algebra generated by {x(s), α(s), m(s), w(s), s ≤ t, τ̃ I{τ̃ ≤t} }. Then, w(·)

h2
Dh (x, ι)

2

j0 = 1, 2, . . . , l0

ph ((x, ι), (x + ej 0 h + ek 0 h, ι)|r) =
ph ((x, ι), (x − ej 0 h − ek 0 h, ι)|r) =
ph ((x, ι), (x + ej 0 h − ek 0 h, ι)|r) =
ph ((x, ι), (x, )|r) =

qι h2
h
D (x, ι) −

ph ((x, ι), (y, )|r) = 0,

(1/2)a+
j 0 k 0 (x, ι)
Dh (x, ι) − βh2

(1/2)a+
j 0 k 0 (x, ι)
Dh (x, ι) − βh2
1/2 · a−
j 0 k 0 (x, ι)
Dh (x, ι) − βh2

βh2

otherwise.

,

,

j0 < k0

,

j0 = k0

=ι
(32)
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By A4), Dh (x, ι) − βh2 > 0. Also, we have (y ,) ph ((x, ι),
(y, )|r) = 1. To ensure that ph (·) is always nonnegative, we
require

minj 0 {aj 0 j 0 (x, ι) − k 0 =j 0 |aj 0 k 0 (x, ι)|}
.
(33)
h≤
maxr |bj 0 (x, ι, r1 , r2 )|
Lemma 5.1: Assume A1), A2), A4), and h satisfy (33). The
Markov chain (ξnh , αnh ) with transition probabilities {ph (·)} and
the interpolation ∆th (·) defined in (31) and (32) are locally
consistent with (1).
Proof: The proof can be obtained in a way similar to that of
Lemma 3.3, and is thus, omitted.

Next, we present a minimax principle in the static game. It
is a generalization of von Neumann’s result of [19] for convex–
concave functions that was obtained by Sion [17].
Lemma 5.2: Let M1 and M2 be compact spaces, φ(·, ·) be
a continuous function on M1 × M2 such that φ(·, ν) is convex in M1 for every ν ∈ M2 , and that φ(µ, ·) is concave
in M2 for every µ ∈ M1 . Then, infµ∈M 1 supν ∈M 2 φ(µ, ν) =
supν ∈M 2 infµ∈M 1 φ(µ, ν).
Proof: This is a special case of [17, Th. 4.2].

Theorem 5.3: Assume A1)–A5), either A6) or A7), and Gh is
a finite set defined as in the paragraph above Definition 3.1. For
x ∈ Gh and ι ∈ M, a Markov chain is defined by (31) and (32).
Let V h,+ (x, ι) and V h,− (x, ι) be the associated upper and lower
values defined in (15) and (16) in the control spaces Uih (1) and
Ujh (2) of (13) and (14). Then, there always exists a saddle point
V h,+ (x, ι) = V h,− (x, ι)

(34)

provided h satisfies (33).
Remark 5.4: Theorem 5.3 is one of our main results, and the
proof works for every β ≥ 0 under appropriate assumptions.
If we set the Markov chain game in the relaxed control space,
there always exists a saddle point without assumptions A6)
and A7), since the system is linear with respect to the relaxed
controls. In this case, the existence of the saddle point can
be obtained by using von Neumann’s result [19] together with
similar techniques, as the proof of Theorem 5.3.
Similar to the proof of Theorem 4.3, for the Markov chain
constructed Lemma 5.1, we obtain the following convergence
result.
Lemma 5.5: Assume that the conditions of Theorem 4.3 are
satisfied. Then for the approximating Markov chain, the limits
in Theorem 4.3 hold.
The following theorem is a direct consequence of Theorem
4.3 and Lemma 5.5. The proof is omitted.
Theorem 5.6: Assume that the conditions of Theorem 5.3 are
satisfied. Then, the differential game has a saddle point in the
sense
V + (x, ι) = V − (x, ι).

(35)

VI. EXAMPLES
In this section, we provide a couple of examples for demonstration. The numerical experiments were obtained by using
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MATLAB on a WinXP machine. Both separable and nonseparable cost functions are considered.
Consider a pursuit-evasion game. Suppose that the pursuer
x1 (·) and evader x2 (·) are governed by the stochastic differential
equations (see [10])
dx1 (t) = b1 (x1 (t), α(t), u1 (t))dt + σ1 (x1 (t), α(t))dw1 (t)
dx2 (t) = b2 (x2 (t), α(t), u2 (t))dt + σ2 (x2 (t), α(t))dw2 (t)
(36)
where xi (t) ∈ R, w1 (·), and w2 (·) are mutually independent
standard Brownian motions, and the controls u1 (·) and u2 (·)
are determined by the strategy of the pursuer and evader, respectively. Set x(t) = (x1 (t), x2 (t)) , w(t) = (w1 (t), w2 (t)) ,
b(·) = (b1 (·), b2 (·)) , and


0
σ1 (·)
.
σ(·) =
0
σ2 (·)
Rewrite (36) as
dx(t) = b(x(t), α(t), u(t))dt + σ(x(t), α(t))dw(t).

(37)

Let G1 and G2 be compact subsets of R, G = G1 × G2 , and τ =
min{t : x(t) ∈
/ Go } be a stopping time of the game. Denoting
u(·) = {u1 (·), u2 (·)}, we define the cost function as
 τ
u
e−β s 
k(x(s), α(s), u(s))ds
W (x, ι, u) = Ex,ι
0


+ g(x(τ ), α(τ )) .

(38)

The upper and lower values V + (x, ι) and V − (x, ι) are defined
as in Definition 2.2.
By solving dynamic programming equations (17) and (18),
we obtain V h,+ (·) and V h,− (·) separately for any h > 0. Using
policy iterations, we obtain Vnh,+ (·) → V h,+ (·) as n → ∞. The
procedure is outlined as follows.
1) Set n = 0. For all (x, ι) ∈ Gh × M, take initial policy
uh,0
i (x, ι) = 0, i = 1, 2;
2) Find an improved value, that is,
+1
+1
uh,n +1 (x, ι) = uh,n
(x, ι), uh,n
(x, ι) .
1
2

a) Solve Vnh,+ (x, ι) from
Vnh,+ (x, ι)

h
ph ((x, ι), (y, )|r)e−β ∆ t (x,ι,r ) Vnh,+ (y, )
=
y ,

+
k(x, ι, r)∆th (x, ι, r).

(39)

b) Find an improved value uh,n +1 (x, ι) by
uh,n +1 (x, ι) = argminr 1 ∈U 1 argmaxr 2 ∈U 2


ph ((x, ι), (y, )|r)e−β ∆ t

h

(x,ι,r )

Vnh,+ (y, )

y ,

+
k(x, ι, r)∆th (x, ι, r) .

(40)
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TABLE I
UPPER AND LOWER VALUES FOR SELECTED INITIAL STATES WITH

k (x, ι, r) = r12 + r22 + (x1 + x2 )2

TABLE II
UPPER AND LOWER VALUES FOR SELECTED INITIAL STATES WITH

k (x, ι, r) = r1 r2 + (x1 + x2 )2

h,+
3) If |Vnh,+
(·)| > tolerance, then n ← n + 1 and
+1 (·) − Vn
go to step 2.
Similarly, we can also find the approximation of V h,− (·).
Use tolerance 10−3 , and let M = {1, 2}, G = [0, 2] × [0, 2],
and Ui = [0, 2], for i = 1, 2. The generator of α(·) is


−.5
.5
Q=
.
.5 −.5

For xi ∈ [0, 2] and ri ∈ [0, 2], the set bi (xi , ι, ri ) = (i −
1.5)(3 − 2ι)(xi + ri ) and σi (xi , ι) = iι.
First, we consider a separable cost function. For x ∈ G
k(x, ι, r) =
and r ∈ U1 × U2 , the running cost is defined as 
r12 + r22 + (x1 + x2 )2 , and the terminal cost is g(x, ι) = 0.
Table I gives selected computed results with initial value
x = (1, 1) and ι = 2 for mesh size h = 2−2 , 2−3 , 2−4 . The
difference between the lower and the upper values are within
given tolerance, which confirms our findings in Theorem 5.3
under A6). Next, we consider a nonseparable cost function defined as 
k(x, ι, r) = r1 r2 + (x1 + x2 )2 , and the terminal cost
is g(x, ι) = 0. Table II gives selected computed results with
initial value x = (1, 1) and ι = 2 for the mesh size h = 2−2 ,
2−3 , 2−4 . The difference between the lower and the upper values are within given tolerance, which confirms our findings in
Theorem 5.3 under A7). For demonstration, Fig. 1 plots several
graphs corresponding to h = 2−4 .
VII. FURTHER REMARKS
This paper is devoted to numerical methods of stochastic
games for regime-switching diffusions. Markov chain approximation techniques are used. In addition to the convergence
of the approximating Markov and its associated upper and
lower values, a new proof for the existence of saddle points is
provided.
For a regime-switching system in which the Markov chain has
a large state space, we may use the ideas of the two-time-scale
approach presented in [22] (see also [23] and references therein)
to first reduce the complexity of the underlying system, and then,
construct numerical solutions for the limit systems. Optimal
strategies of the limit systems can be used for the construction
of strategies of players of the original systems leading to near
optimality.

Fig. 1. Iteration in value space, h = 2−4 . (a) and (b) Graphs of upper values
V h , + (x, 1) and V h , + (x, 2) for x ∈ G h .(c) and (d) Graphs of player 1’s optimal feedback controls when player 1 goes first. (e) and (f) Graphs of player 2’s
optimal feedback controls when player 1 goes first.

APPENDIX
Proof of Lemma 3.3: We need to verify the consistency criteria
given in Definition 3.1. First,
r,h
r,h
ξnh +1 − x
Ex,ι,n
∆ξnh = Ex,ι,n

=

l0


ej 0 hph ((x, ι), (x + ej 0 h, ι)|r)

j 0 =1

+

l0


(−ej 0 )hph ((x, ι), (x − ej 0 h, ι)|r)

j 0 =1

+



(ej 0 + ek 0 )hph ((x, ι), (x + ej 0 h + ek 0 h, ι)|r)

j0 < k 0

+



(−ej 0 − ek 0 )hph ((x, ι), (x − ej 0 h − ek 0 h, ι)|r)

j0 < k 0

+



(ej 0 − ek 0 )hph ((x, ι), (x + ej 0 h − ek 0 h, ι)|r).

j 0 =k 0

(41)
Using the transition probability given in (28), we find that the
sum of the third and the fourth terms in (41) is zero, and also
the last term is zero. Hence,
r,h
Ex,ι,n
∆ξnh =

l0

hbj 0 (x, ι, r)
ej h
Dh − βh2 0
j =1
0

= b(x, ι, r)

h2
Dh − βh2

= b(x, ι, r)∆th (x, ι, r) + b(x, ι, r)∆th (x, ι, r)
= b(x, ι, r)∆th (x, ι, r) + o(∆th (x, ι, r)).

Dh

βh2
− βh2
(42)
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The last line in (42) holds by the assumption A4). Use ej 0 k 0 to
denote the l0 × l0 matrix with all entries 0, but 1 at the j0 th row
and the k0 th column only. Then, we have

r,h
∆ξnh
Ex,ι,n



∆ξnh

=

l0


ej 0 j 0 h2 ph ((x, ι), (x + ej 0 h, ι)|r)
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Let TTh be the set of Fth -stopping times being less than or
equal to T with probability 1. Then, for δ > 0, ν̃n ∈ TTh , by
(45) and strong Markov property, we have
Ex,ι |ξ h (ν̃h + δ) − ξ h (ν̃h )|2 = O(δ) + εh (δ) as δ → 0. (46)

j 0 =1

+

l0


So far, we have proved that {ξ h (·), αh (·), mh (·), wh (·), τ̃h } is
tight.
For the rest of the proof, we assume that the probability space is chosen as required by the Skorokhod representation (see [13, Th. 1.7, Ch. 9]). With a slight abuse of
notation, we may assume the convergence of the sequence
{ξ h (·), αh (·), mh (·), wh (·), τ̃h } itself with a limit denoted by
(x(·), α(·), m(·), w(·), τ̃ ), and the convergence is in the sense
with probability 1 via Skorohod representation.
For δ > 0 and any process y(·), define the process yδ (·)
by yδ (t) = y(nδ), t ∈ [nδ, nδ + δ). Then, by the tightness of
{ξ h (·), αh (·)}, (29) can be written as

ej 0 j 0 h2 ph ((x, ι), (x − ej 0 h, ι)|r)

j 0 =1

+



(ej 0 j 0 + ek 0 j 0 + ej 0 k 0 + ek 0 k 0 )h2

j0 < k 0

ph ((x, ι), (x + ej 0 h + ek 0 h, ι)|r)

+
(ej 0 j 0 + ek 0 j 0 + ej 0 k 0 + ek 0 k 0 )h2
j0 < k 0

ph ((x, ι), (x − ej 0 h − ek 0 h, ι)|r)

+
(ej 0 j 0 − ek 0 j 0 − ej 0 k 0 + ek 0 k 0 )h2

 t

j 0 =k 0

p ((x, ι), (x + ej 0 h − ek 0 h, ι)|r).
h

ξ h (t) = x +

(43)

∆ξnh

U

t

σ ξδh (s), αδh (s) dwh (s) + εh,δ (t)

+

(47)

0



= A(x, ι)∆th (x, ι, r) + o(th (x, ι, r)).
(44)
By (28), the local consistency of αh (·) is straightforward to
verify. Also, |ξnh | ≤ 2h with probability 1. This completes the
proof.

Proof of Theorem 4.2: We first note that, in view of
Lemma 4.1, {αh (·)} is tight. Define a topology for the set
[0, ∞] such that [0, ∞] (extended real numbers with one point
compactification) is compact (see [13, pp. 258–259]). Then, the
sequences {mh , τ̃h } are always tight, since their range spaces
are compact (via the compactification). Similar to [13, Sec.
10.4.1], {wh (·)} is tight, and converges weakly to the standard
Brownian motion w(·). Now, we prove the tightness of {ξ h (·)}.
To do this, we will verify that the two conditions of [13,Th 2.1
Ch. 9] hold for the process ξ h (·). From (29), we have
Ex,ι |ξ h (t) − x|2
 t 

= Ex,ι 
b(ξ h (s), αh (s), r)mhs (dr)ds
U
0
2
 t

σ(ξ h (s), αh (s))dwh (s) + εh (t)
+
0
 t 
2


h
h
h

= 3Ex,ι 
b(ξ (s), α (s), r)ms (dr)ds
0

0



Using the symmetry of A(x, ι), we have
r,h
Ex,ι,n
∆ξnh

b(ξ h (s), αh (s), r)mhs (dr)ds

where limδ →0 limsuph→0 E|εh,δ (t)| = 0. Taking limit as
h → 0, the convergence with probability 1 (through Skorohod
representation) yields
 t 

E 
b(ξ h (s), αh (s), r)mhs (dr)ds
U
0

 t

h
−
b(x(s), α(s), r)ms (dr)ds → 0.
0

On the other hand, the sequence {mh (·)} converges in the compact weak topology. In particular, for any bounded and continuous function φ(·) with compact support, as h → 0, we have

0




φ(r, s)m (dr ds) →
h

U

∞


φ(r, s)m(dr ds).

0

U

 t
b(x(s), α(s), r)mhs (dr)ds

 t
2


h
h
h

+ 3Ex,ι 
σ(ξ (s), α (s))dw (s) + εh (t)

0

U

→

0

where K is a generic positive constant.

∞

The weak convergence and the Skorohod representation imply
that, as h → 0, we have

U

≤ Kt2 + Kt + εh (t)

(48)

U

(45)

 t
b(x(s), α(s), r)ms (dr)ds
0

U

uniformly in t on any bounded interval with probability 1.

(49)
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Since ξδh (·) and αδh (·) are piecewise constant functions, it
follows from the probability 1 convergence, as h → 0,
 t
σ ξδh (s), αδh (s) dwh (s)

thk , k < n}
uh,ε
1
= p1,[t hn /∆ ] r1 ; wh (kρ), αh (kρ), uρ2 kρ|mh2 , kρ < thn ;
h
uh,ε
1 (k∆), k∆ < tn .

0

=

t/δ


σ

ξδh (lδ

−

δ), αδh (lδ

− δ) (w (lδ) − w (lδ − δ))
h

h

l=1

→

t/δ


σ(xδ (lδ − δ), αδ (lδ − δ))(w(lδ) − w(lδ − δ))

l=1



t

σ(xδ (s), αδ (s))dw(s).

=

(50)

0

Combining (47)–(50), we can write
 t
x(t) = x +
b(x(s), α(s), r)ms (dr)ds
0

U



h
Given uh,ε
1 (·|m2 ) for player 1, player 2 selects a maximizing
h,∗
control. Let u2 (·) denote player 2’s maximizing choice in
U2h (2) with its relaxed control representation mh,∗
2 (·).
Let mh be the relaxed control representation of
,ε
h,∗
h,∗
(u∆
1 (·|u2 ), u2 ·). Choose an arbitrary weakly convergent
subsequence of {ξ h (·), αh (·), mh (·), wh (·)} (abusing the terminology slightly, for simplicity, still index this subsequence
by h), with limit (x(·), α(·), m(·), w(·)), a solution of (4) by
Theorem 4.2, where m(·) = (m1 (·), m2 (·)). Then,

W h (x, ι, mh (·)) → W (x, ι, m(·)) as h → 0.

t

+

σ(xδ (s), αδ (s))dw(s) + εδ (t)

(51)

0

where limsupδ →0 E|εδ (t)| = 0. Finally, taking limits in the previous equation as δ → 0 yields the result.
Proof of Theorem 4.3: Suppose that player 1 goes first. Given
ε > 0, there exist a small ∆ > 0 and an ε-optimal minimizing
,ε
rule u∆
1 (·|m2 ) ∈ L1 (∆) such that the following hold.
,ε
1) u∆
1 (·|m2 ) is defined by the conditional probability law:
for small ρ > 0,
 ∆ ,ε
,ε

P u∆
1 (n∆) = r1 u1 (k∆), k < n; w(s), α(s),

m2 (s), s < n∆

,ε
ρ

= P u∆
1 (n∆) = r1 w(kρ), α(kρ), u2 (kρ|m2 ),

,ε
kρ < n∆; u∆
1 (k∆), k < n

< n),

, kρ < n∆;
p1,n (r1 ; wh (kρ), αh (kρ), uρ2 kρ|mh,∗
2
uh,ε
1 (k∆), k < n)
→ p1,n (r1 ; w(kρ), α(kρ), uρ2 (kρ|m2 ), kρ < n∆;
,ε
u∆
1 (k∆), k < n)

∆ ,ε
· |uh,∗
, uh,∗
W h x, ι, uh,ε
1
2
2 ) → W (x, ι, u1 (·|m2 ), m2 ).
(57)
Therefore,

V h,+ (x, ι) =

=P

uh,ε
1

thn =

r1 |wh (kρ), αh (kρ), uρ2

kρ|mh2 , kρ < thn ;

inf

sup

u h1 ∈U1h (1) u h ∈U h (2)
2

≤

sup
u h2

∈U2h

W

W h x, ι, uh1 , uh2

2

h

x, ι, uh,ε
· |uh2 , uh2
1

(2)

· |uh,∗
, uh,∗
= W h (x, ι, uh,ε
1
2
2
→ W x, ι, uε,∆
1 (·|m2 ), m2 as h → 0. (58)
From (53) and (58), we conclude
limsup V h,+ (x, ι) ≤ V + (x, ι) + ε.

,ε
+
sup W x, ι, u∆
1 (·|m2 ), m2 ≤ V (x, ι) + ε. (53)

,ε
Note that u∆
1 (·|m2 ) ∈ L1 (∆) needs to be modified or adapted
for the Markov chain {ξnh , αnh }. Recall U1h (1) defined in (13).
A control in U1h (1) is a constant on the interval [thn , thn +1 ), and
depends on the past information uh2 (s), s < thn . Let wh (·) be
given in (29), whose weak limit is a Brownian motion. For
,ε
h,ε
h
small ρ, the adaptation of u∆
1 (·|m2 ), denoted by u1 (·|m2 ) ∈
h
U1 (1), for player 1 for the chain is represented by

thn = r1 |uh,ε
thk , k < n; wh (s), αh (s), mh2,s , s < thn
P uh,ε
1
1

(56)

Hence, as h → 0, we have

(52)

m 2 ∈U2

with probability 1.

h,∗
h,∗
∆ ,ε
This implies that (uh,ε
1 (·|m2 ), m2 (·)) ⇒ (u1 (·|m2), m2 (·)).

uρ2 (·|m2 )

where
is the player 2’s strategy that is a constant
on [kρ, kρ + ρ). Furthermore, p1,n (·) is a continuous function of its argument, otherwise, we can mollify p1,n (·) to
be a smooth function (see [12, Th. 6.1]).
2) For small ∆ and large ∆/ρ,

(55)

Let us use the Skorohod representation theorem so that all processes are defined on the same probability space and the weak
convergence becomes convergence with probability 1. Then, as
h → 0, we have

= p1,n (r1 ; w(kρ), α(kρ), uρ2 (kρ|m2 ), lρ < n∆;
,ε
u∆
1 (k∆), k

(54)

(59)

h→0

On the other hand, note that, for ∆ > 0 and small h > 0,
there exists an ε∆ ,h -optimal minimizing control uh,∆
(·|mh2 ) ∈
1
h,∆
h
U1 (1), with relaxed control representation m1 (·|mh2 ) such
that the following hold.
(·|mh2 ) is constant on [l∆, l∆ + ∆).
1) uh,∆
1
2)
sup
m h2 ∈U2h (2)

· |mh2 , mh2
W h x, ι, mh,∆
1
≤ V h,+ (x, ι) + ε∆ ,h .

3) lim∆ →0 limsuph→0 ε∆ ,h = 0.

(60)
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Given mh,∆
(·|mh2 ) ∈ U1h (1), there exists a maximizing control
1
h,∆
h
m2 ∈ U2 (2) satisfying the following.
∆
, mh,∆
) ⇒ (x(·), α(·), m∆
1) If (ξ h (·), αh (·), mh,∆
1 , m2 ),
1
2
then it is the weak solution of (4) by Theorem 4.2 and
∆
m∆
1 ∈ L1 (∆), m2 ∈ U2 , such that
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Define two functions
k(x, ι, r1 , r2 )∆th (x, ι)
φh,+ (x, ι, r1 , r2 ) = 

h
ph ((x, ι), (y, )|r1 , r2 )e−β ∆ t (x,ι) V h,+ (y, )
+
(y ,)∈G h ×M

(66)
W h x, ι, mh,∆
· |mh,∆
, mh,∆
1
2
2
→W

·

x, ι, m∆
1

|m∆
2

and
, m∆
2

as h → 0.

(61)

2) Furthermore, m∆
2 is an optimal maximizing control in U2 ,
∈
L
given m∆
1 (∆). That is,
1
m 2 ∈U2

·

x, ι, m∆
1

|m∆
2

, m∆
2

. (62)

inf

sup

m h1 ∈U1h (1) m h ∈U h (2)
2

≥ sup W
m h2

x, ι, mh,∆
1

h

∈U2h

W h x, ι, mh1 , mh2

2

· |mh2 ), mh2 − ε∆ ,h by (60)

= W h x, ι, mh,∆
· |mh,∆
, mh,∆
− ε∆ ,h
1
2
2
∆
∆
∆
→ W x, ι, m∆
as h → 0
1 · |m2 , m2 − ε
∆
= sup W (x, ι, m∆
1 (·|m2 ), m2 ) − ε

by (62)

m 2 ∈U2

≥

m 1 ∈L1 (∆ ) m 2 ∈U2

→ V (x, ι) as ∆ → 0.
+

(63)

This proves liminfh→0 V h,+ (x, ι) ≥ V + (x, ι). Combining (59)
and the previous limit, we obtain the first limit in Theorem 4.3.
The proof of limh→0 V h,− (x, ι) = V − (x, ι) is similar.

Proof of Theorem 5.3: Rewrite the dynamic programming
equations (17) and (18) as

+



r 1 ∈U 1 r 2 ∈U 2

−β ∆ t h (x,ι)

h

p ((x, ι), (y, )|r1 , r2 )e

V

h,+

(y, )]

V h,− (x, ι) = sup

inf [
k(x, ι, r1 , r2 )∆th (x, ι)

is convex–concave. In addition, 
k(x, ι, ·, ·) is convex–concave.
This implies that φh,+ (x, ι, ·, ·) is convex–concave. By Lemma
5.2, we can interchange sup and inf in (68) and (69).

Completion of Proof of Theorem 5.3: To complete the
proof of the theorem, let ρ = max(x,ι)∈G h ×M (V h,+ (x, ι) −
V h,− (x, ι)). It is plain that ρ ≥ 0. So, it is enough to show that
ρ = 0. Note that there exists (x̂, ι̂) ∈ Gh × M, which satisfies
V h,+ (x̂, ι̂) = V h,− (x̂, ι̂) + ρ

h

(x,ι)

V h,− (y, )].

(y ,)∈G h ×M

(65)

(70)

For (x̂, ι̂) ∈ Gh × M given in (70), we have the following series
of inequalities:

r1

by (68)

r2

= sup inf{φh,+ (x̂, ι̂, r1 , r2 )},
r2

r 2 ∈U 2 r 1 ∈U 1

ph ((x, ι), (y, )|r1 , r2 )e−β ∆ t

(69)

To proceed, we first establish a lemma. This lemma enables
us to interchange the supremum and infimum in φh,+ (·).
Lemma 1.1: Under A1)–A5), and A6) or A7),
infr 1 supr 2 φh,+ (x, ι, r1 , r2 ) = supr 2 infr 1 φh,+ (x, ι, r1 , r2 ).
Proof of Lemmma 1.1: Under A6), b(x, ι, ·, ·) is separable,
k(x, ι, ·, ·) is
so is ph,+ ((x, ι), (y, )|·, ·) of (32). In addition, 
separable implies that φh,+ (x, ι, ·, ·) is separable in r1 and r2 for
every (x, ι) ∈ Gh × M. This implies that inf and sup in (68) and
(69) can be interchanged without affecting the equality. Under
A7), every ph ((x, ι), (y, )|r1 , r2 ) satisfies the convex–concave
condition, so

h
ph ((x, ι), (y, )|r1 , r2 )e−β ∆ t (x,ι) V h,+ (y, )

r1

(64)

+

r1

V h,+ (x̂, ι̂) = inf sup{φh,+ (x̂, ι̂, r1 , r2 )},

(y ,)∈G h ×M



V h,− (x, ι) = sup inf φh,− (x, ι, r1 , r2 ).
r2

(68)

r2

V h,+ (x, ι) ≤ V h,− (x, ι) + ρ ∀(x, ι) ∈ Gh × M.

sup [
k(x, ι, r1 , r2 )∆th (x, ι)

V h,+ (x, ι) = inf

r1

(y ,)∈G h ×M

sup W (x, ι, m1 (·|m2 ), m2 ) − ε∆

inf

Then, the dynamic programming equations (64) and (65) are
written as
V h,+ (x, ι) = inf sup φh,+ (x, ι, r1 , r2 )

Consider m2 (·) as a pure control of W (x, ι, m∆
1 , ·). Then,
the earlier statement can be derived from a result from
pure control problem (see [18, Th. 5.3]).
Let ε∆ = limsuph→0 ε∆ ,h . By the controls defined before, we
have
V h,+ (x, ι) =

(y ,)∈G h ×M

(67)

sup W x, ι, m∆
1 (·|m2 ), m2
=W

k(x, ι, r1 , r2 )∆th (x, ι)
φh,− (x, ι, r1 , r2 ) = 

h
ph ((x, ι), (y, )|r1 , r2 )e−β ∆ t (x,ι) V h,− (y, ).
+

by Lema 1.1

= sup inf{
k(x̂, ι̂, r1 , r2 )∆th (x̂, ι̂) +
r2

by (66)

r1



(y ,)∈G h ×M

ph ((x̂, ι̂), (y, )|r1 , r2 )e−β ∆ t

h

( x̂,ι̂)

V h,+ (y, )},
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≤ sup inf{
k(x̂, ι̂, r1 , r2 )∆th (x̂, ι̂) +
r2

r1

= sup inf{φh,− (x̂, ι̂, r1 , r2 ) + e−β ∆ t

h

( x̂,ι̂)

r1

= sup inf{φh,− (x̂, ι̂, r1 , r2 )} + e−β ∆ t
r2

h

( x̂,ι̂)

(y ,)∈G h ×M

ph ((x̂, ι̂), (y, )|r1 , r2 )(V h,− (y, ) + ρ)},
r2

e−β ∆ t

h

= V h,− (x̂, ι̂) + e−β ∆ t

h

( x̂,ι̂)

ρ,

ρ}

( x̂,ι̂)

r1

by (70)

ρ

by (69)

≤ V h,− (x̂, ι̂) + ρ = V h,+ (x̂, ι̂),

since β > 0,

ρ ≥ 0.

Note that ρ > 0 implies that the last line in this equation is
a strict inequality, which is a contradiction to (70). Therefore,
ρ = 0. The existence of the saddle point is established.
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